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We present a comprehensive study of various electromagnetic wave propagation phenomena in a
ferromagnetic bulk Rashba conductor from the perspective of quantum mechanical transport. In
this system, both the space inversion and time reversal symmetries are broken, as characterized by
the Rashba field α and magnetizationM , respectively. First, we present a general phenomenological
analysis of electromagnetic wave propagation in media with broken space inversion and time reversal
symmetries based on the dielectric tensor. The dependence of the dielectric tensor on the wave
vector q and M are retained to first order. Then, we calculate the microscopic electromagnetic
response of the current and spin of conduction electrons subjected to α and M , based on linear
response theory and the Green’s function method; the results are used to study the system optical
properties. Firstly, it is found that a large α enhances the anisotropic properties of the system and
enlarges the frequency range in which the electromagnetic waves have hyperbolic dispersion surfaces
and exhibit unusual propagations known as negative refraction and backward waves. Secondly, we
consider the electromagnetic cross-correlation effects (direct and inverse Edelstein effects) on the
wave propagation. These effects stem from the lack of space inversion symmetry and yield q-linear
off-diagonal components in the dielectric tensor. This induces a Rashba-induced birefringence, in
which the polarization vector rotates around the vector (α×q). In the presence ofM , which breaks
time reversal symmetry, there arises an anomalous Hall effect and the dielectric tensor acquires
off-diagonal components linear in M . For α ‖ M , these components yield the Faraday effect
for the Faraday configuration q ‖ M , and the Cotton-Mouton effect for the Voigt configuration
(q ⊥ M). When α and M are noncollinear, M - and q-induced optical phenomena are possible,
which include nonreciprocal directional dichroism in the Voigt configuration. In these nonreciprocal
optical phenomena, a “toroidal moment,” α ×M , and a “quadrupole moment,” αiMj + αjMi,
play central roles. These phenomena are strongly enhanced at the spin-split transition edge in the
electron band.
I. INTRODUCTION
Momentum-dependent spin-orbit coupled systems such
as topological insulators, Weyl semimetals, and Rashba
conductors having broken symmetries have recently
attracted widespread attention. These media ex-
hibit electromagnetic cross-correlation effects due to the
momentum-dependent spin-orbit interaction and, thus, a
rich variety of optical phenomena can be expected1–10.
Among them, optical phenomena induced by the spa-
tial dispersion and/or magnetization in media lacking
space inversion and/or time reversal symmetries are im-
portant for elucidating the electromagnetic responses
of electrons. Such phenomena have been the subject
of numerous studies performed in gasses, liquids, and
solids11,12. These optical phenomena are well described
by the Maxwell equations and governed by the symme-
try properties of the dielectric tensor εij(q, ω,M) of the
medium12,13. Here, q and ω are the wave vector and
(angular) frequency of the electromagnetic wave, respec-
tively, and M is either the spontaneous magnetization,
which exists in a ferromagnetic medium, or an applied
static magnetic field. Microscopically, εij is related to
the quantum mechanical transport coefficients and satis-
fies the Onsager reciprocity relation
εji(−q, ω,−M) = εij(q, ω,M), (1)
as a consequence of microscopic reversibility. Various
optical phenomena caused by the absence of spatial in-
version and/or time reversal symmetries (or the presence
of M) can be deduced from the expansion of εij with
respect to q and M14,15:
εij(q, ω,M) = ε
(0)
ij + αijkqk + βijkMk + γijklqkMl + · · · ,
(2)
where ε(0)ij (ω), αijk(ω), βijk(ω), and γijkl(ω) are the ten-
sor coefficients and functions of ω. Note that, in the
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FIG. 1: Schematic illustration of (a) optical activity, (b) linear birefringence, (c) Faraday effect, and (d) Cotton-Mouton effect.
In the figur s, E is the polarization vector, q is the wave vector, and M is the magnetization vector. (a) The optical activity
causes rotation of E around the propagation direction q. (b) The linear birefringence, also known as double refraction, induces
a rotation of one particular linear polarization, called the extraordinary wave Ee, while the other, i.e., the ordinary wave Eo,
is unaffected. As a result, the Poynting vector S is not parallel to q. (c) The Faraday effect is a magneto-optical effect that
occurs in the presence of M and induces rotation of E for linearly polarized waves. This effect is maximal when M and q are
parallel or anti-parallel (Faraday configuration). (d) The Cotton-Mouton effect is a magnetization-induced birefringence that
occurs under the Voigt configuration (M ⊥ q).
above expression and hereafter, rep ated indices in a sin-
gle term imply summation. The Onsager relation (1) re-
quires that the tensors ε(0)ij and γijkl are symmetric with
respect to i and j, and that αijk and βijk are antisym-
metric. That is, ε(0)ji = ε
(0)
ij , αjik = −αijk, βjik = −βijk,
and γjikl = γijkl.
Each term of the right-hand side of Eq. (2) has the
following significance with regard to optical phenomena.
The first term, ε(0)ij , determines the fundamental prop-
erties of the electromagnetic wave propagation, such as
the dispersion relation. The second term, αijkqk, can
only exist when the medium has no spatial inversion
symmetry as, otherwise, εij would be an even function
of q. Generally, the q-dependence of εij is termed the
“spatial dispersion”; however, the αijkqk term is more
specialized in that it is odd in q, generating two types
of rotation of the polarization vector E of linearly po-
larized light. These two behaviors are known as natu-
ral optical activity (Fig. 1(a)) and linear birefringence
(Fig. 1(b))11,16. In this paper, we refer to these optical
phenomena as spatial-dispersion-induced phenomena, or
simply, q-induced phenomena. The third term, βijkMk,
can exist only when the system breaks the time reversal
symmetry, or more specifically, in the presence of mag-
netization or an applied (static) magnetic field (i.e.,M).
This term yields magneto-optical phenomena known as
the Faraday effect (Fig. 1(c)) and the Cotton-Mouton ef-
fect (Fig. 1(d))17,18, in which E is rotated around M .
We call these behaviorsM -induced phenomena. For the
M - and q-induced phenomena such as magneto-chiral
birefringence and dichroism (Fig. 2(a)), and nonrecip-
rocal directional dichroism (Fig. 2(b))19–30, the system
is required to simultaneously break the space inversion
and time reversal symmetries. These phenomena are de-
scribed by the fourth term of Eq. (2), γijklqkMl, which
is bilinear in q and M (i.e., linear in both q and M).
The q- and M -induced phenomena described above
have a common aspect of E rotation; however, there is an
essential difference in the reciprocity. That is, the wave
propagations in the q-induced phenomena are reciprocal,
i.e., the polarization vectors (E) of the linearly polarized
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FIG. 2: Schematic illustration of two types of directional
dichroism. (a, b) agneto-chiral dichroism in Faraday config-
uration. (c, d) Nonreciprocal directional dichroism in Voigt
configuration. The Poynting vectors of the forward (q) and
backward (−q) waves are represented by S+ and S−, re-
spectively. There exists an absorption difference for counter-
propagating waves.
forward (q) and backward (−q) waves rotate in mutually
opposite directions. In contrast, the wave propagations in
the magnetization-induced phenomena are nonreciprocal,
i.e., E rotates in the same direction.
In this paper, we study q- and/or M -induced optical
phenomena in a medium with low symmetry based on
each term in Eq. (2) for εij . To do so, we evaluate each
term microscopically and investigate the electromagnetic
wave propagations by solving the Maxwell (wave) equa-
tion. As a concrete microscopic model, we focus on a free
electron model with Rashba-type spin-orbit coupling and
M (or a static external magnetic field), e.g., a ferromag-
netic bulk Rashba conductor10.
The remainder of this paper is organized as follows. In
the first half of the paper (Secs. II–IV), general aspects
of electromagnetic wave propagation are described based
on a phenomenological symmetry argument. In detail,
in Sec. II, a bri f overview of the ferromagnetic Rashba
conductor is provided. In Sec. III, we derive the wave
3equation for an electric field propagating in a ferromag-
netic and electromagnetically cross-correlated material.
The relations between εij , Eq. (2), and various transport
coefficients are also given. In Sec. IV, we solve the wave
equation by considering each term in Eq. (2) for εij , and
discuss possible optical phenomena.
In the second half of the paper (Secs. V–IX), we
present microscopic analyses by considering a ferromag-
netic Rashba conductor specifically. In Sec. V, after
defining the model, we formulate current and spin re-
sponses to an electromagnetic field based on linear re-
sponse theory. Calculated results for the transport prop-
erties for a nonmagnetic Rashba conductor and ferromag-
netic bulk Rashba conductor are presented in Secs. VI
and VII, respectively. These results are then used in
Sec. VIII to demonstrate various wave propagations in a
nonmagnetic bulk Rashba conductor, which include neg-
ative refraction, backward waves, and Rashba-induced
birefringence. In Sec. IX, optical phenomena in the fer-
romagnetic Rashba conductor are studied, including the
Faraday and Kerr effects and the nonreciprocal direc-
tional dichroism. Finally, the findings of this study are
summarized in Sec. X. Various calculation details are
given in the Appendices.
II. FERROMAGNETIC RASHBA CONDUCTOR
Recently, momentum-dependent giant spin splitting
was found in the electron band of the BiTeI polar
semiconductor31–33. This behavior, called the “Rashba
effect,” is ascribed to the Rashba spin-orbit interaction
(RSOI), which is expected in systems without space in-
version symmetry34. The BiTeI polar semiconductor has
a layered structure stacked along the c axis with a trigo-
nal crystal symmetry. The spin splitting is ∼ 200 meV,
which corresponds to |α| = 3.05 eVÅ, where α is the
Rashba spin-orbit field specifying the strength and direc-
tion of the RSOI:
HR = 1~α · (σ × pˆ) = −
1
~
(α× pˆ) · σ, (3)
where pˆ is a momentum operator and σ = (σx, σy, σz)
is a vector of Pauli spin matrices. Furthermore, it was
proposed that α provides a highly anisotropic property
to the medium and that the bulk Rashba conductor can
be regarded as a kind of hyperbolic material10.
To date, hyperbolic media have been realized through
artificial engineering in metal-dielectric multilayer sys-
tems having metallic in-plane and insulating inter-plane
properties35–45. Such materials have hyperbolic disper-
sion surfaces for electromagnetic waves in a certain fre-
quency range and, thus, exhibit unusual electromag-
netic responses such as negative refraction and back-
ward waves46–52. This hyperbolic frequency region has
also been found in natural materials, e.g., tetradymites
(Bi2Te2S, Bi2Se3, and Bi2Te3)42–44. Interestingly, these
behaviors are already described by the first term ε(0)ij of
Eq. (2) (see Secs. IV-A and VIII-A).
The Rashba effect has also attracted attention in the
field of spintronics, because of interesting electromagnetic
cross-correlation effects. One is the Edelstein effect53, in
which a nonequilibrium spin accumulation
σE(q, ω) = κE(ω)αˆ×E(q, ω) (4)
is induced by an external electric field E54–61. Here,
κE(ω) is a frequency-dependent coefficient, αˆ = α/|α|
is a unit vector, and E(q, ω) is the Fourier amplitude of
the external electric field. Such a spin accumulation is
observable as a torque on M , which is called the spin-
orbit torque62, through the exchange interaction between
the electron spin and magnetization, such that
Hex = −M · σ. (5)
Indeed, magnetization reversal and magnetic domain
wall motion on the surface of a ferromagnetic ultra-
thin metal sandwiched between a heavy metal layer
and an oxide layer have been proposed and performed
experimentally63–66.
As a reciprocal cross-correlation effect, the inverse
Edelstein effect has also been studied intensively67–71.
In this effect, a non-equilibrium spin current is pumped
into a heavy metal layer (such as Bi/Ag bilayer) from
a ferromagnetic layer (such as NiFe) by the ferromag-
netic resonance, and is converted to a charge Hall current
through the RSOI67. The generation of motive force by
the dynamics of magnetization in a ferromagnetic Rashba
metal has also been studied theoretically in Refs 72 and
73. Theoretically, the polarization current jIE induced
by the inverse Edelstein effect is given by10,74
jIE(q, ω) = κIE(ω)αˆ×B(q, ω), (6)
where B(q, ω) is a time-dependent external magnetic
field and κIE(ω) is the transport coefficient, which is re-
lated to κE(ω) through the Onsager relation10
κIE(ω) = i~γωκE(ω), (7)
where γ is the gyromagnetic ratio (see Sec. VI). Thus,
the total current induced by the electromagnetic field is
given by
jE−IE = jE + jIE, (8)
where jE = −i~γq × σE is the magnetization current
density due to the Edelstein effect. Through combina-
tion with Faraday’s law, −iωB(q, ω) + iq ×E(q, ω) = 0
[Eq. (18)], the following expression is obtained10:
jE−IE(q, ω) = i~κE(ω)Beff(q)×E(q, ω), (9)
where Beff(q) = αˆ× q is a q-induced effective magnetic
field (see Sec. VI). Thus, a momentum-dependent spin-
orbit coupling yields an electromagnetic response that
4involves a Hall effect due toBeff , which induces a rotation
of E around Beff .
The corresponding optical conductivity σE−IEij , defined
by (jE−IE)i = σE−IEij Ej , is read from Eq. (9), such that
σE−IEij (q, ω) = −i~κE(ω)εijk(αˆ× q)k, (10)
where εijk is the completely antisymmetric tensor with
εxyz = 1. Thus, in a Rashba conductor, the electromag-
netic cross-correlation effects contribute to the antisym-
metric (hence, off-diagonal) part of εij ,
αijkqk =
1
ε0
i
ω
σE−IEij (q, ω),
=
~
ε0
κE(ω)
ω
(αˆiqj − qiαˆj) , (11)
where ε0 is the vacuum permittivity. This is linear in q
and induces linear birefringence (see Sec. IV-B).
In the presence of M , a Rashba conductor may ex-
hibit an anomalous Hall effect75–78. This effect is maxi-
mal when α and M are parallel or antiparallel, and the
induced current has the form
jAH = σAH(ω)(αˆ ·M) αˆ×E(q, ω), (12)
where σAH(ω) is the anomalous Hall conductivity (see
Sec. VII). This effect exists even at q = 0 and contributes
to the third term of Eq. (2) (see Sec. VII-C):
βijkMk = − i
ε0
σAH(ω)
ω
(αˆ ·M) εijkαˆk. (13)
These off-diagonal components, which are linear in M ,
yield the Faraday and Kerr effects for the Faraday config-
uration (M ‖ q), and the Cotton-Mouton effect for the
Voigt configuration (M ⊥ q); see Sec. IV-C. Recently,
a large Kerr effect was observed in BiTeI under a static
magnetic field33.
Finally, the bilinear term in Eq. (2), γijklqkMl, which
describes the M -induced spatial dispersion, can be de-
duced from the magnetoresistance effect79 due to Beff(q)
and M . The relevant current density may be written as
ji(q, ω) = σijkl(ω)Beff,k(q)MlEj(q, ω), (14)
where σijkl(ω) is a tensor symmetric under i ↔ j. If
σijkl = σTM(ω) δijδkl (neglecting other possible terms),
where σTM(ω) is a frequency-dependent coefficient, a
“Doppler shift” term80 T · q (with T = α×M) appears
in the diagonal components of εij , with
γijklqkMl =
i
ε0
σTM(ω)
ω
(T · q) δij . (15)
As α reflects the broken inversion symmetry, it is a polar
vector similar to an electric polarization vector P . Thus,
the vector T is an analog of the toroidal moment P ×M
discussed in the context of multiferroics81,82. Recently,
a giant nonreciprocal directional dichroism induced by
the toroidal moment was observed in CuB2O483. Such
optical phenomena are described by a term linear in both
q and M and in the diagonal component of εij . These
points are pursued further in Sec. VII.
III. WAVE EQUATION
In this section, we derive the wave equation for the
electric field that propagates in electromagnetically cross-
correlated materials with broken space inversion and time
reversal symmetries. This derivation clarifies the connec-
tions of the various correlation functions to εij .
In general, the Fourier components of the electric and
magnetic fields are expressed as
D(q, ω) = ε0E(q, ω) + Pe(q, ω), (16)
B(q, ω) = µ0H(q, ω) +Me(q, ω), (17)
where ε0 and µ0 are the permittivity and magnetic per-
meability of free space, respectively. D and H are the
electric displacement and magnetic field intensity, respec-
tively, which are related to E and B through the electric
polarization Pe and magnetization Me of the medium
that includes the conduction electrons. The Fourier rep-
resentation of Faraday’s law and the Maxwell-Ampére
equation in the absence of external electric currents are
respectively expressed as
−iωB(q, ω) + iq ×E(q, ω) = 0, (18)
iq ×H(q, ω) + iωD(q, ω) = 0. (19)
Using Eqs. (16) and (17) and substituting Eq. (18) into
Eq. (19), we have
c2iq × (iq ×E) + (iω)2E = iω
ε0
j, (20)
where j(q, ω) is an induced current density that con-
sists of the polarization current density jP (q, ω) =
−iωPe(q, ω) and the magnetization current density
jM (q, ω) = iq ×Me(q, ω)/µ0. That is,
j = jP + jM = −iωPe + 1
µ0
iq ×Me. (21)
Microscopically, the jP (q, ω) and Me induced by elec-
tromagnetic fields are evaluated on the basis of linear
response theory, as
jP (q, ω) = Kjjij (q, ω,M)Ej − i~γωKjsij (q, ω,M)Bj ,
(22)
−Me(q, ω)
µ0~γ
= Ksjij (q, ω,M)Ej − i~γωKssij (q, ω,M)Bj ,
(23)
where Kjjij , Kjsij , Ksjij , and Kssij are the current-current,
current-spin, spin-current, and spin-spin correlation (or
response) functions, respectively. The second and first
terms on the right-hand sides of Eqs. (22) and (23) rep-
resent the electromagnetic cross-correlation effects, which
are mutually related through the Onsager reciprocity re-
lation
Ksjji (−q, ω,−M) = Kjsij (q, ω,M). (24)
5Similarly, the other two response functions satisfy
Kjjji (−q, ω,−M) = Kjjij (q, ω,M), (25)
Kssji (−q, ω,−M) = Kssij (q, ω,M). (26)
Proof of these relations under certain conditions is given
in Appendix A.
From Eqs. (22) and (23), the induced total current
density is expressed as
ji = KjjijEj − i~γ{Kjsij ωBj + εijkqkKsjklEl}
− (~γ)2εijkqjKssklωBl. (27)
Using Faraday’s law [Eq. (18)] to eliminate the magnetic
field, we obtain
ji(q, ω) = σij(q, ω,M)Ej(q, ω), (28)
where σij is the optical conductivity, with
σij = Kjjij − i~γ
{
Kjsil εlkj + εiklKsjlj
}
qk
− (~γ)2εikmεnljKssmnqkql. (29)
From Eqs. (24)–(26), σij also satisfies the Onsager rela-
tion:
σji(−q, ω,−M) = σij(q, ω,M). (30)
Substituting Eq. (28) into Eq. (20), we obtain the wave
equation for E,[
c2(q2δij − qiqj)− ω2εij(q, ω,M)
]
Ej(q, ω) = 0, (31)
where
εij(q, ω,M) = δij +
1
ε0
i
ω
σij(q, ω,M) (32)
is the dielectric tensor. It is apparent that the optical
properties of cross-correlated materials are governed by
all types of correlation functions through the σij given in
Eq. (29). From Eqs. (29) and (32), each term of εij in
Eq. (2) is expressed in a microscopic sense as
ε
(0)
ij (ω) = δij +
1
ε0
i
ω
Kjjij (0, ω,0), (33)
αijk(ω) =
~γ
ε0
{
Kjsil (0, ω,0)εlkj + εiklKsjlj (0, ω,0)
}
,
(34)
βijk(ω) =
1
ε0
i
ω
∂
∂Mk
Kjjij (0, ω,M)
∣∣∣∣
M=0
, (35)
γijkl(ω) =
1
ε0
i
ω
∂2
∂qk∂Ml
Kjjij (q, ω,M)
∣∣∣∣
q=0,M=0
+
~γ
ε0
∂
∂Ml
{
Kjsim(0, ω,M)εmkj + εikmKsjmj(0, ω,M)
}∣∣∣
M=0
.
(36)
Note that explicit evaluation of these expressions is per-
formed in Secs. V and VI. Here, it is sufficient to calculate
Kjj to first order in q and M , and Kjs and Ksj to first
order inM at q = 0. As for Kss, the last term of Eq. (29)
can be dropped as it is already second-order in q. How-
ever, we note that all correlation functions for materials
with momentum-dependent spin-orbit coupling involve
Kss, because of the anomalous velocity that contains a
spin operator.
IV. PHENOMENOLOGICAL ANALYSIS OF
WAVE PROPAGATION
In this section, we study electromagnetic wave propa-
gations in low-symmetry media based on the wave equa-
tion (31), by considering each term of Eq. (2) for εij phe-
nomenologically. Various optical phenomena, as listed in
Table I, are classified according to the form of εij . By
choosing the wave propagation direction to be in the x-z
plane, we have q = qxex + qzez, where ei (i = x, y, z)
is a unit vector in the i-direction. Then, we can write
Eq. (31) as
 c2q2z − ω2εxx −ω2εxy −c2qxqz − ω2εxz−ωεyx c2q2 − ω2εyy −ω2εyz
−c2qxqz − ωεzx −ω2εzy c2q2x − ω2εzz
ExEy
Ez
 = 0, (37)
where q2 = q2x + q2z . Various optical phenomena ex-
pected in electromagnetically cross-correlated media are
contained within this wave equation.
A. Effects of anisotropy in ε(0)ij
For an isotropic metal or semiconductor, the first term
ε
(0)
ij (ω) in Eq. (2) describes the conventional symmet-
ric tensor, which takes the diagonal form of ε(0)ij (ω) =
ε(ω)δij , with ε(ω) and δij being a complex function of
ω and the Kronecker delta in three dimensions, respec-
6TABLE I: Dielectric tensor εij and possible optical phenomena. The presence or absence of symmetry (I: space inversion, T:
time reversal) is indicated by + or −, respectively. The last column shows the presence (©) or absence (−) of the given effect
in a ferromagnetic Rashba conductor.
Dielectric tensor I T Optical phenomenon Ferromagnetic Rashba conductor
ε
(0)
ij = εx(δixδjx + δiyδjy) + ε‖δizδjz + + Negative refraction and backward wave ©
αijkqk ∼ εijkqk − + Optical activity −
αijkqk ∼ qiδjz − δizqj − + Linear birefringence ©
βijkMk ∼ εijkMk (Faraday: q ‖M) + − Faraday and Kerr effects ©
βijkMk ∼ εijkMk (Voigt: q ⊥M) + − Cotton-Mouton effect ©
γijkqkMl ∼ δijq ·M (Faraday) − − MChDc and MChBd −
γijkqkMl ∼ δijq · (P ×M) (Voigt) − − NBeand NDDf ©
aMagneto-chiral dichroism, bMagneto-chiral birefringence, cNonreciprocal birefringence, dNonreciprocal directional dichroism
tively. In this case, the wave equation (37) becomesc2q2z − ω2ε 0 −c2qxqz0 c2q2 − ω2ε 0
−c2qxqz 0 c2q2x − ω2ε

ExEy
Ez
 = 0.
(38)
The plane wave solution exists if and only if q and ω
satisfy the characteristic equation
(c2q2 − ω2ε)2ω2 = 0, (39)
which yields the dispersion relations q = qTM(ω) and
q = qTE(ω), where
qTM(ω) = qTE(ω) =
ω
c
√
ε(ω). (40)
For qTM(ω), the eigen vector is given by ETM = E0ey
with E0 being a scalar. This solution represents the lin-
early polarized wave. On the other hand, for qTE(ω),
the eigen vector is given by ETE = E0xex + E0zez,
where E0x and E0z are components of the electric field
vector satisfying the orthogonality condition q · ETE =
qxE0x+ qzE0z = 0. This wave is linearly polarized in the
x-z plane. Thus, in the case of an isotropic medium, it is
apparent that conventional wave propagation is obtained
in the frequency region satisfying Re(ε(ω)) > 0. How-
ever, if the medium is anisotropic in nature, the property
of the wave propagation changes dramatically. In the
case of a uniaxially anisotropic medium for which the
optic axis is the z-axis, the dielectric tensor has the form
ε
(0)
ij =
ε⊥ 0 00 ε⊥ 0
0 0 ε‖
 , (41)
where ε⊥ and ε‖ are the dielectric constants in the per-
pendicular and parallel directions, respectively, with re-
spect to the anisotropy (optic) axis. Substituting this
tensor into the wave equation (37), we havec2q2z − ω2ε⊥ 0 −c2qxqz0 c2q2 − ω2ε⊥ 0
−c2qxqz 0 c2q2x − ω2ε‖

ExEy
Ez
 = 0.
(42)
The characteristic equation is given by
(c2q2 − ω2ε⊥)(ε⊥c2q2x + ε‖c2q2z − ω2ε⊥ε‖)ω2 = 0, (43)
which yields two types of wave propagation, i.e., ordinary
and extraordinary waves, respectively. For the ordinary
wave, the dispersion relation is cq = cqo(ω) = ω
√
ε⊥(ω)
and the eigen vector is Eo = E0ey. This wave is linearly
polarized in the y-direction and can propagate in a con-
ducting medium for Re(ε⊥) > 0. On the other hand, for
an extraordinary wave, the dispersion relation is given by
q2x
ε‖
+
q2z
ε⊥
=
ω2
c2
, (44)
and the eigen vector is given by Ee = E0xex + E0zez,
which satisfies
(c2q2z − ωε⊥)E0x = c2qxqzE0z. (45)
Thus, the orthogonality condition is not satisfied, i.e.,
Ee · q 6= 0. This means that the wavefront propaga-
tion direction q and the Poynting vector S ∼ E ×B are
not parallel. As noted above, such a wave is called an
extraordinary wave. When Re(ε⊥) > 0 and Re(ε‖) >
0, the equifrequency contour of Eq. (44) is elliptical
in the (qx, qz)-plane, the wave propagation of which is
conventional13 (Fig. 3(a,b)), where q and S are refracted
to the positive side. On the other hand, when Re(ε⊥) and
Re(ε‖) have opposite sign, the equifrequency dispersion
curve becomes hyperbolic, as illustrated in Fig. 3(c, d).
Both figures indicate that the transverse component of S
can have the opposite sign to that of q. This indicates
that the energy flow of an obliquely incident wave is re-
fracted to the negative side with respect to the interface
normal of the medium. This unusual optical phenomenon
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FIG. 3: Schematic illustration of equifrequenc dispersion
curve for (a) Re(ε‖) > Re(ε⊥) > 0, (b) Re(ε⊥) > Re(ε‖) > 0,
(c) Re(ε‖) < 0 < Re(ε⊥), and (d) Re(ε⊥) < 0 < Re(ε‖)0. In
cases (a) and (b) an xtraordinary wave can propagate in the
medium, where the wave vector q and the Poynting vector S
are refracted to the positive side but are not parallel to each
other. Negative refraction occurs when the medium interface
involves the (c) x- or (d z-axis. A backward wave occurs
when the medium interface involves the (c) z- or (d) x-axis.
is called “negative refraction”50–52. On the other hand,
although the energy flow direction should be positive, it
is possible for the vertical component of the wave vector
to be negative. Such an optical phenomenon is called a
“backward wave”50–52.
Recently, materials possessing hyperbolic dispersion
and known as “hyperbolic materials” have become the
focus of research attention40,42,45. These materials con-
sist of a metal-dielectric multilayer36–39 and natural
materials42–44. In the case of a Rashba conductor, the
existence of α implies that the system has, at least, a
uniaxial anisotropy. The dielectric tensor ε(0)ij takes the
uniaxial form, ε(0)ij = ε⊥(δij − αˆiαˆj) + ε‖αˆiαˆj . In Sec.
VIII, we demonstrate that α enhances the anisotropy,
suggesting that a medium with large Rashba spin-split
bands becomes a kind of hyperbolic material. Such a
medium is expected to exhibit unusual electromagnetic
wave propagation behavior, as demonstrated in Sec. VIII.
B. Effects of αijkqk caused by broken space
inversion symmetry
When the system breaks the space inversion symme-
try, the second term in Eq. (2), αijkqk, appears in the
expression for εij . Recall that αijk is antisymmetric un-
der i ↔ j. Such q-linear off-diagonal components orig-
inate from the electromagnetic cross-correlation effects
and generate two types of q-induced optical phenom-
ena, known as “natural optical activity”11,12 and “linear
birefringence”16.
1. Optical activity
Th term “optical activity” refers to the phenomenon
in which the E of the linearly polarized light is rotated
around q (Fig. 1(a))11. This indicates that the refractive
indexes of the left- and right-handed circularly polarized
waves differ. This difference occurs when the antisym-
metric part of the εij expression takes the form
αijk(ω)qk = −i c
ω
αOA(ω)εijkqk, (46)
where αOA(ω) is a complex function of ω. To examine
this behavior more closely, we consider the case of q =
qzez and ε
(0)
ij (ω) = ε⊥(ω)(δixδjx + δiyδjy) + ε‖(ω)δizδjz.
Thus, the dielectric tensor is given by
ε
(0)
ij + αijkqk =
 ε⊥ −icαOAqz/ω 0icαOAqz/ω ε⊥ 0
0 0 ε‖
 . (47)
This setup yields the wave equationc2q2z − ω2ε⊥ icωαOAqz 0−icωαOAqz c2q2z − ω2ε⊥ 0
0 0 −ω2ε‖

ExEy
Ez
 = 0, (48)
which in turn yields{
(c2q2z − ω2ε⊥)2 − c2ω2α2OAq2z
}
ω2ε‖ = 0. (49)
As Ez = 0, the plane wave solution exhibits a transverse
wave propagating in the z-direction. Solving for qz, we
obtain the dispersion relations
q± =
ω
c
{√
ε⊥ + (αOA/2)2 ± (αOA/2)
}
. (50)
Substituting this expression into q. (48), we then find
the eigen vector
E± =
1√
2
(ex ± iey)E0, (51)
which represents the left- (+) and right-handed (−) cir-
cularly polarized waves, respectively. In this study, we
state that a circularly polarized plane wave is left-handed
8(right-handed), E±(z, t) = E±ei(q±z−ωt), if the elec-
tric field vector rotates counter-clockwise (clockwise) at
a fixed point when viewed from the wave propagation
direction84.
Let us consider the optical rotation of the E of a lin-
early polarized wave and evaluate the rotation angle. If
an incident wave is initially polarized in the x-direction in
a vacuum, with E(z, 0) = E0exeiωz/c, the wave passing
through the conductor is given by
E(z, t) =
1√
2
(
E+e
i(q+z−ωt) +E−ei(q−z−ωt)
)
,
= E0 {ex cosψ(z) + ey sinψ(z)} ei{(q++q−)z/2−ωt},
(52)
where
ψ(z) = θOA(z) + iκOAz, (53)
with
θOA(z) =
Re(q+ − q−)z
2
= Re(αOA)
ω
2c
z, (54)
κOA =
Im(q+ − q−)
2
= Im(αOA)
ω
2c
. (55)
Thus, the rotation angle following passage through a con-
ductor of thickness d is given by θOA(d). Note that this
optical rotation is reciprocal, i.e., the E of the wave prop-
agating backward (qz < 0) in the sample rotates in the
opposite direction (θOA(−d) = −θOA(d)) to that of the
forward wave (qz > 0). This reciprocity originates from
the fact that the present effect comes from the q-linear
term in the off-diagonal component of the dielectric ten-
sor. Indeed, the electric current induced by this q-linear
term has the form jOA ∼ αOAq ×E, indicating that the
electric field vector rotates around the q vector.
The imaginary part of ψ represents the difference in
absorption between left- and right-handed circularly po-
larized waves, which is called “(optical) circular dichro-
ism.” Thus, the absorption rate per unit length is given
by κOA in Eq. (55), which is proportional to the imagi-
nary part of αOA.
2. Linear birefringence
Linear birefringence is a phenomenon known as “double
refraction,” which is due to two types of linearly polarized
waves, i.e., an ordinary and extraordinary wave. The po-
larization plane of the latter, which is defined byE andB
vectors, is rotated by the q-linear term in the off-diagonal
component of εij (Fig. 1(b))16. This phenomenon occurs
when the antisymmetric part of εij takes the form
αijk(ω)qk = −i c
ω
αLB(ω)εijk(cˆ× q)k,
= −i c
ω
αLB(ω)(qicˆj − cˆiqj), (56)
where αLB(ω) is a complex function of real ω and cˆ is
a unit vector pointing to the optic axis of the medium.
Setting cˆ = ez and q = qxex, we obtain
ε
(0)
ij + αijkqk =
 ε⊥ 0 −icαLBqx/ω0 ε⊥ 0
icαLBqx/ω 0 ε‖
 . (57)
Thus, the wave equation is given by −ω2ε⊥ 0 icωαLBqx0 c2q2x − ω2ε⊥ 0
−icωαLBqx 0 c2q2x − ω2ε‖

ExEy
Ez
 = 0,
(58)
which yields
(c2q2x − ω2ε⊥)
{
c2(ε⊥ + α2LB)q
2
x − ω2ε⊥ε‖
}
ω2 = 0.
(59)
There are two types of solution, i.e., qx = qo and qe,
where
qo =
ω
c
√
ε⊥, (60)
qe =
ω
c
√
ε⊥ε‖
ε⊥ + α2LB
. (61)
The former represents the ordinary wave, the eigen vector
of which is Eo = E0ey, and the latter represents the
extraordinary wave, Ee = E0xex + E0zez, with
E0x = i
ω
c
qe
αLB
ε⊥
E0z, (62)
which yields q · Ee 6= 0. Thus, the off-diagonal com-
ponents of εij induce a longitudinal component of the
electric field. Hence, the direction of S (the energy flow)
of the extraordinary wave is not parallel to q.
The degree of birefringence, nLB, is defined by the dif-
ference in the refractive indexes of the ordinary and ex-
traordinary waves16, such that
nLB =
ω
c
[Re(qo)− Re(qe)] ' Re(√ε⊥)− Re(√ε‖).
(63)
The second equality follows when |αLB|2  |ε⊥|. On
the other hand, the tilt angle of the polarization plane
(spanned by E and B) for the extraordinary wave, which
is denoted by θLB, is first order in |αLB|, with
θLB = tan
−1 Re(E0x)
Re(E0z)
' Re
(
i
√
ε‖
ε⊥
αLB
)
. (64)
In the case of a Rashba conductor, the αijkqk term
originates from the combination of the direct and in-
verse Edelstein effects. The induced current has the form
jE−IE ∼ (α×q)×E, meaning that the electric field vector
rotates around the vector α × q. Thus, linear birefrin-
gence is expected to occur in the bulk Rashba conductor.
This is indeed the case, as shown in Sec. VIII-B.
9C. Effects of βijkMk caused by broken time reversal
symmetry
When the system breaks the time reversal symmetry,
there appears an M -linear term, βijkMk, in the electric
tensor, which originates from the anomalous Hall effect.
The dielectric tensor takes the form
βijk(ω)Mk = βAH(ω)εijkMk, (65)
where βAH is a complex function of ω. Similar to the case
of the previous subsection, the off-diagonal components
of the dielectric tensor yield two types ofM -induced op-
tical phenomena, which are known as the Faraday effect
and the Cotton-Mouton effect. The former corresponds
to the optical activity and the latter to the linear bire-
fringence.
1. Faraday effect
The Faraday effect refers to rotation of the E of the
linearly polarized wave due toM (or an external dc mag-
netic field); this is called Faraday rotation17. This effect
occurs whenM and q are parallel (or anti-parallel), i.e.,
they are in the Faraday configuration (Fig. 1(c)). Here,
setting M = Mez, q = qzez, ε
(0)
ij (ω) = ε(ω)δij , and
αijk(ω)qk = 0, we express the wave equation (37) asc2q2z − ω2ε −ω2MβAH 0ω2MβAH c2q2z − ω2ε 0
0 0 −ω2ε

ExEy
Ez
 = 0, (66)
which yields{
(c2q2z − ω2ε)2 + ω4M2β2AH
}
ω2ε = 0. (67)
Hence, we obtain the dispersion relation qz = qM± (ω),
where
qM± (ω) =
ω
c
√
ε±(ω), (68)
with
ε±(ω) = ε(ω)± iβAH(ω)M. (69)
We also obtain the eigen vector
E± =
1√
2
(ex ± iey)E0, (70)
The above expressions are for the left- (+) and right-
handed (−) circularly polarized waves. Thus, similar to
the optical activity case, E rotates in the x-y plane. The
rotation angle after passage through a medium of thick-
ness d, θMF (d), is given by
θMF (d) =
Re(qM+ − qM− )d
2
' Re
(
iβF√
ε
)
M
ω
2c
d. (71)
Note that, contrary to the case of optical rotation, this
M -induced rotation does not depend on the propagat-
ing direction, where the polarization vectors of the for-
ward and backward waves rotate in the same direction
(θMF (d) = θ
−M
F (−d)). Indeed, the M -induced current
jF ∼ βMM ×E, which does not depend on q.
The imaginary part of qM+ − qM− represents the differ-
ence in absorption between the left- and right-handed
circularly polarized waves, which causes magnetic circu-
lar dichroism (MCD). The MCD per unit length κMCD
is given by
κMCD =
Im(qM+ − qM− )
2
' Im
(
iβAH√
ε
)
M
ω
2c
. (72)
In the case of a ferromagnetic Rashba conductor, this
term (∼ βijkMk) is derived from the anomalous Hall
effect due to the RSOI and the exchange field (M),
in which the induced current takes the form jAH ∼
(α ·M)α × E. Thus, the M parallel to the Rashba
field contributes to the Faraday rotation and the MCD.
The relevant details are given in Sec. IX-A.
2. Cotton-Mouton effect
The “Voigt configuration” is obtained when M is per-
pendicular to q (Fig. 1(d)). In that case, a similar
phenomenon to the linear birefringence occurs, which is
called the “Cotton-Mouton effect.”18 Here, we set M =
Mez, q = qxex, ε
(0)
ij (ω) = ε(ω)δij , and αijk(ω)qk = 0;
then, −ω2ε −ω2βAHM 0ω2βAHM c2q2x − ω2ε 0
0 0 c2q2x − ω2ε

ExEy
Ez
 = 0. (73)
The characteristic equation has two types of solution.
One is an ordinary wave with dispersion relation qo(ω) =
ω
√
ε(ω) and eigen vector Eo = E0ez. The other is an
extraordinary wave, with dispersion relation
qCM =
ω
c
√
ε+
β2AH
ε
M2. (74)
The eigen vector is ECM = E0xex + E0yey with
E0x = −βAH
ε
ME0y. (75)
Thus, similar to the linear birefringence, E rotates
around M and the electric field acquires a longitudinal
component. The M -induced birefringence, nCM, is thus
given by
nCM =
ω
c
Re(qe − qo) ' ω
2c
Re
(
β2AH√
εε
.
)
M2. (76)
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The second equality holds when |εCM|M  |ε|. Thus,
the M -induced birefringence is the second-order effect
in M . On the other hand, the tilt angle,
θCM ' −Re
(
βAH
ε
)
M, (77)
is first-order in M .
D. Effects of γijklqkMl caused by broken space
inversion and time reversal symmetries
When the system simultaneously breaks the space in-
version and the time reversal symmetries, the fourth
term in Eq. (2), γijklqkMl, appears as a leading term
that expresses M -induced spatial dispersion. Such me-
dia exhibit magneto-chiral birefringence and dichroism
for the Faraday configuration (Fig. 2(a, b)), or nonre-
ciprocal directional birefringence and dichroism for the
Voigt configuration (Fig. 2(c, d)). Here, the term “nonre-
ciprocal” refers to the directional dependence of the wave
propagation between the two counter-propagating waves
(q ↔ −q) (Fig. 2). These phenomena are described by
the diagonal components of the dielectric tensor bilinear
in q and M85,86:
γijkl(ω)qkMl =
{
γFij(ω)q ·M (Faraday),
γVij(ω)q · (P ×M) (Voigt),
(78)
where γFij(ω) and γVij(ω) are symmetric tensors and P is
a polar vector representing a spontaneous polarization or
an external static electric field. The former (Faraday con-
figuration) yields the magneto-chiral dichroism (MChD)
and birefringence (MChB), which have been observed in
the chiral molecule14,20, chiral ferromagnets15,21–23,25,26,
and artificial media30. The latter (Voigt configuration)
generates nonreciprocal linear birefringence16,19,24 and
nonreciprocal directional dichroism (NDD)27–29.
To demonstrate these phenomena, we consider the fol-
lowing diagonal components:
γijkl(ω)qkMl = −2γN(ω)ωcMqzδiyδjy, (79)
where γN(ω) is a complex function of ω, and we set q =
qzez. Assuming ε
(0)
ij = εδij , αijk ∼ 0, and βijk ∼ 0 for
simplicity, we obtain the wave equationc2q2z − ω2ε 0 00 c2q2z − ω2ε− 2γNcωMqz 0
0 0 −ω2ε

ExEy
Ez
 = 0,
(80)
which yields
(c2q2z − ω2ε)(c2q2z − ω2ε− ω2ε− γNcωMqz)ω2ε = 0.
(81)
For Ey 6= 0, we have
c2q2z − 2ωγNMcqz − ω2ε = 0. (82)
Note that the second term (∼Mqz) changes sign depend-
ing on the sign of q ·M or q · (P ×M) in the case of
the Faraday or Voigt configurations, respectively. The
corresponding dispersion relation is given by
q±(ω) =
ω
c
(√
ε+ γ2NM
2 ± γNM
)
. (83)
The magnitude of the nonreciprocal directional bire-
fringence is expressed as
nN =
c
ω
Re(q+ − q−) = 2Re(γN)M, (84)
and that of the nonreciprocal directional dichroism as
κN =
c
ω
Im(q+ − q−) = 2Im(γN)M. (85)
In the case of a ferromagnetic Rashba conductor, α is a
polar vector similar to P . Thus, it is possible that the εij
expression contains the term γijklqkMl = γRijq · (α×M),
and a nonreciprocal wave propagation can be expected.
The details are presented in Sec. IX.
V. MICROSCOPIC MODEL AND
FORMULATION
In this section, we consider a ferromagnetic bulk
Rashba conductor as a concrete microscopic model and
formulate the calculation of the current and spin re-
sponses induced by a space- and time-varying electro-
magnetic field on the basis of linear response theory and
using path-ordered Green’s functions.
A. Hamiltonian and Green’s function
We consider a ferromagnetic bulk Rashba conductor, in
which the conduction electrons experience a momentum-
dependent spin orbit interaction characterized by a cer-
tain Rashba field, α, and an exchange field due to some
magnetizationM . The former and latter break the space
inversion and time reversal symmetries, respectively. We
assume that the system has uniaxial anisotropy, with
the anisotropy axis set by the Rashba field such that
αˆ = α/|α|87–89. Then, the Hamiltonian for the conduc-
tion electrons is given by
H =
∑
k
c†k(Hk − F)ck, (86a)
Hk = k +α · (σ × k)−M · σ, (86b)
k =
~2k2⊥
2m⊥
+
~2k2‖
2m‖
, (86c)
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FIG. 4: (a, b) Fermi surfaces in k-space and (c, d) energy
dispersions in k⊥-plane for α×M = 0 (a, c) and α×M 6= 0
(b, d).
where c†k = (c
†
k,↑, c
†
k,↓) is the electron creation operator
with wave vector k and spin projection (↑ or ↓) along
the z-axis. Further, k‖ = (αˆ · k)αˆ and k⊥ = k − k‖
are parallel and perpendicular components of k, respec-
tively, with respect to αˆ. In addition, m‖ andm⊥ are the
effective masses in the respective directions90, F is the
Fermi energy, and σ = (σx, σy, σz) is a vector of Pauli
spin matrices. The direction of M is arbitrary and its
magnitude, M = |M |, is taken to have the unit of en-
ergy in this study. The eigenenergies of Hk [Eq. (86b)]
are given by
sk,M = k + s
√
α2k2⊥ − 2(α×M) · k⊥ +M2, (87)
where s = ±1 specifies the spin-split upper (s = 1) and
lower (s = −1) bands. The Fermi surfaces in k-space and
the energy dispersions in the k⊥-plane for α ×M = 0
and 6= 0 are illustrated in Fig. 4. For α ×M = 0, the
Fermi surface (Fig. 4(a)) has rotation invariance around
the αˆ-axis and, thus, the energy dispersion is symmet-
ric with respect to the k⊥-plane in k-space (Fig. 4(b)).
The exchange interaction removes the band deg neracy
at k⊥ = 0. For α×M 6= 0, the Fermi surface (Fig. 4(c))
and energy dispersion become asymmetric and the en-
ergy degeneracy is recovered at the Dirac point satisfy-
ing |k⊥ × α −M | = 0. This asymmetry implies that
the light absorption due to electronic interband transi-
tions depends on whether k⊥ is parallel or antiparallel
to α ×M , which yields a difference in absorption for
counterpropagating light beams relative to k⊥ (see Sec.
IX-B).
The Green’s function of electrons corresponding to the
Hamiltonian H [Eq. (86a)] is given by
Gk,M (z) =
1
z − (Hk − F) =
1
2
∑
s=±1
1 + sγˆk,M · σ
z − sk,M + F
,
(88)
where γˆk,M = γk,M/|γk,M | with γk,M = k × α −M .
The retarded and advanced Green’s functions are given
by GRk,M () = Gk,M (+i0) and G
A
k,M () = Gk,M (−i0),
respectively, where 0 is a positive infinitesimal. In this
study, we consider the clean limit and use the relation
GAk,M ()−GRk,M ()
= ipi
∑
s=±1
δ(− sk,M + F)(1 + sγˆk,M · σ), (89)
where δ(x) is the delta function.
B. Response functions for general q and M
Let us consider current and spin responses to a space-
and time-varying electromagnetic field based on linear re-
sponse theory91. The current and spin density operators
jˆ(r) and σˆ(r), respectively, are given by
jˆ(r) = jˆ0(r) + jˆR(r)
− e
2
m⊥
nˆ(r)A⊥(r, t)− e
2
m‖
nˆ(r)A‖(r, t), (90)
jˆ0(r) = −e ~
2m⊥i
{c†(r)∇⊥c(r)− (∇⊥c†(r))c(r)}
− e ~
2m‖i
{c†(r)∇‖c(r)− (∇‖c†(r))c(r)}, (91)
jˆR(r) = − e~α× σˆ(r), (92)
nˆ(r) = c†(r)c(r), (93)
σˆ(r) = c†(r)σc(r), (94)
where c(r) =
∑
k e
ik·rck. Further, A‖ = αˆ(αˆ · A)
and A⊥ = A − A‖ are the parallel and perpendicular
components of the vector potential A(r, t), respectively,
which yields the electric field E(r, t) = − ∂
∂t
A(r, t) and
the magnetic field B(r, t) = ∇ × A(r, t). In addition,
∇‖ = αˆ(αˆ · ∇) and ∇⊥ = ∇−∇‖. The electromagnetic
perturbation to the linear order is described by
Hint(t) = −
∫
dr
{
{jˆ0(r) + jˆR(r)} ·A(r, t)
− ~γσˆ(r) · (∇×A(r, t))
}
. (95)
In what follows, we evaluate the expectation values of
jˆ(q) =
∫
dre−iq·r jˆ(r) and σˆ(q) =
∫
dre−iq·rσˆ(r) in
the Fourier space. The Fourier components of the elec-
tromagnetic field are given by E(q, ω) = iωA(q, ω) and
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B(q, ω) = iq ×A(q, ω). The expectation values of jˆ(q)
and σˆ(q) are expressed as
〈jˆ(q)〉ω = −e
∫ ∞
−∞
dε
2pii
Tr
[∑
k
v˜G<k+,k−(ε+, ε−)
]
− e
2ne
m⊥
A⊥(q, ω)− e
2ne
m‖
A‖(q, ω), (96)
〈σˆ(q)〉ω = −e
∫ ∞
−∞
dε
2pii
Tr
[∑
k
σG<k+,k−(ε+, ε−)
]
,
(97)
v˜ = v +α× σ/~, (98)
with v = ~k⊥/m⊥ + ~k‖/m‖, k± = k ± q/2, and ε± =
ε ± ω/2. Here, ne is the equilibrium electron density
and G<k+,k−(ε+, ε−) is the lesser component of the path-
ordered Green’s function92
Gk,k′(ε, ε
′) =
∫ ∞
−∞
dt
∫ ∞
−∞
dt′e−iεt+iε
′t′Gk,k′(t, t
′), (99)
Gk,k′(t, t
′) = −i〈TC [ck(t)ck′(t′)]〉H+Hint(t). (100)
In the above expression, TC is a path-ordering operator in
the complex time plane92 and the bracket 〈· · · 〉H+Hint(t)
represents the expectation value in the nonequilibrium
state. Performing a perturbative expansion of the path-
ordered Green’s function with respect to Hint(t), we eval-
uate the linear response of jˆ(q) and σˆ(q) to E(q, ω) and
B(q, ω), such that
〈jˆi(q)〉ω = Kjjij (q, ω,M)Ej − i~γωKjsij (q, ω,M)Bj ,
(101)
〈σˆi(q)〉ω = Ksjij (q, ω,M)Ej − i~γωKssij (q, ω,M)Bj ,
(102)
where the response functions are given by
Kjjij (q, ω,M) = χjjij (q, ω,M)
− e
2
ω + i0+
ne
m⊥
δ⊥ij −
e2
ω + i0+
ne
m‖
αˆiαˆj ,
(103a)
Kjsij (q, ω,M) =
ie
ω + i0
χjsij (q, ω,M), (103b)
Ksjij (q, ω,M) =
ie
ω + i0
χsjij (q, ω,M), (103c)
Kssij (q, ω,M) =
−i
ω + i0
χssij (q, ω,M), (103d)
with
χjjij = −
∑
k
∫ ∞
−∞
d
2pii
tr
[
v˜iGk+,M (+)v˜jGk−,M (−)
]<
,
(104a)
χjsij = −
∑
k
∫ ∞
−∞
d
2pii
tr
[
v˜iGk+,M (+)σjGk−,M (−)
]<
,
(104b)
χsjij = −
∑
k
∫ ∞
−∞
d
2pii
tr
[
σiGk+,M (+)v˜iGk−,M (−)
]<
,
(104c)
χssij = −
∑
k
∫ ∞
−∞
d
2pii
tr
[
σiGk+,M (+)σjGk−,M (−)
]<
.
(104d)
Here, Gk,M (ε) is the one-particle path-ordered Green’s
function, the lesser component of which is given by93,94
G<k,M () = f()
(
GAk,M ()−GRk,M ()
)
, (105)
with f() = (1 + e/(kBT ))−1 being the Fermi distribu-
tion function (T is the temperature). The correlation
functions [Eqs. (104)] satisfy the Onsager reciprocity re-
lations (see Appendix A):
χjjji (−q, ω,−M) = χjjij (q, ω,M), (106a)
χjsji (−q, ω,−M) = χsjij (q, ω,M), (106b)
χssji (−q, ω,−M) = χssij (q, ω,M). (106c)
Note that these four correlation functions contain the
spin-spin correlation function χssij , because of the anoma-
lous velocity α×σ/~ due to the RSOI. This implies that
there exists a current to which the spin polarization of the
electrons contributes, even at q = 0 (see the calculation
results reported in Eq. (107)).
VI. MICROSCOPIC CALCULATION:
NONMAGNETIC RASHBA CONDUCTOR
A. Response functions at q = 0 and M = 0
We first calculate the response functions at q = 0,
M = 0, and at zero temperature. The results are ob-
tained from the following expressions:95
χjjij (0, ω,0) = −
ne
m⊥
C(ω)δ⊥ij , (107a)
χjsij (0, ω,0) = χ
sj
ji (0, ω,0) =
~
α
ne
m⊥
C(ω)εijkαˆk, (107b)
χssij (0, ω,0) =
~2
α2
ne
m⊥
C(ω)(δ⊥ij − 2δij), (107c)
where
C(ω) = −4α˜
2
ne
F
∑
k
γk
∑
s=±1 sf
s
k
(~ω + i0)2 − 4γ2k
, (108)
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is a complex function of ω, with α˜ =
m⊥α
~2k⊥F
being a di-
mensionless Rashba parameter and fsk = f(
s
k,M=0− F)
being the Fermi distribution function. Note that all cor-
relation functions contain C(ω), which is related to the
interband transitions between the spin-split bands. The
explicit form of C(ω) is given by Eqs. (C36a) and (C36b)
and plotted in Fig. 5(a). In what follows, we use the typ-
ical material parameters of BiTeI31–33 listed in Table II.
The real and imaginary parts of C(ω) are finite in a wide
frequency range between the lower and upper interband
transition edges ω±, where
ω± =
4F
~
α˜(
√
1 + α˜2 ± α˜). (109)
B. Induced current and spin
Substituting Eqs. (103) and (107) into Eqs. (22) and
(23), we obtain the induced current and spin densities
j(0)(q, ω) and σ(0)(q, ω), respectively, as
j(0) = σ
‖
D(αˆ ·E)αˆ− σ⊥Dαˆ× (αˆ×E) + κIEαˆ×B,
(110)
σ(0) = κEαˆ×E + χB
{
B +
1
2
αˆ× (αˆ×B)
}
, (111)
where
σ
‖
D(ω) =
ie2
ω + i0
ne
m‖
=
iε0(ω
‖
p)2
ω + i0
, (112a)
σ⊥D(ω) =
ie2
ω + i0
ne
m⊥
(1 + C(ω))
=
iε0(ω
⊥
p )
2
ω + i0
(1 + C(ω)), (112b)
κE(ω) =
ie
ω + i0
~
α
ne
m⊥
C(ω), (112c)
κIE(ω) = i~γωκE(ω), (112d)
χB(ω) = 2~γ
ne
m⊥
~2
α2
C(ω), (112e)
with ω‖p =
√
e2ne
ε0m‖
and ω⊥p =
√
e2ne
ε0m⊥
being the plasma
frequencies in respective directions. The first term of
Eq. (110) is the ordinary longitudinal current projected
in the αˆ direction, and the second term is the perpen-
dicular component; the latter includes the effect of the
RSOI. The first term of Eq. (111) represents the Edelstein
effect53, in which a spin polarization σE = κE(ω)αˆ ×E
is induced by the electric field because of the RSOI
(Fig. 6(a)). The third term of Eq. (110) represents
the inverse Edelstein effect74, where a charge current
jIE = κIE(ω)αˆ×B is induced by the time-varying mag-
netic field iωB as a result of the RSOI (Fig. 6(b)). Note
that the frequency-dependent coeficient κIE(ω) is related
to κE(ω) through the Onsager relation [Eq. (112d)]. It is
apparent that the second term of Eq. (110) is due to the
combination of the direct and inverse Edelstein effects10,
i.e., a non-equilibrium spin accumulation ∼ αˆ×E, which
is induced by the Edelstein effect, is subsequently con-
verted to a charge current density jIE·E ∼ αˆ×σEE, which
is due to the inverse Edelstein effect (Fig. 6(a)). The sec-
ond term in brackets in Eq. (111) represents the Onsager
reciprocal to this behavior, where a current ∼ αˆ × B,
which is induced by the inverse Edelstein effect, is subse-
quently converted to a spin polarization σE·IE ∼ αˆ×jIEE
by the Edelstein effect (Fig. 6(b)).
C. Optical conductivity
The optical conductivity is obtained by substituting
Eqs. (107) into Eq. (29). For q = 0 and M = 0, we
obtain
σ
(0)
ij (ω) ≡
−ie2
ω + i0
[
χjjij (0, ω,0)−
ne
m⊥
δ⊥ij −
ne
m‖
αˆiαˆj
]
,
= σ
‖
D(ω)αˆiαˆj + σ
⊥
D(ω)δ
⊥
ij , (113)
which yields the first and second terms of Eq. (110). It is
apparent that the optical conductivity tensor is symmet-
ric and has diagonal components, which take a uniaxially
anisotropic form. This anisotropic property is equiva-
lent to that of a hyperbolic metamaterial45. Thus, this
material is expected to exhibit unusual electromagnetic
wave propagation phenomena known as negative refrac-
tion and backward waves. Details of this behavior are
presented in Sec. VII.
In the first order of q, the optical conductivity
σE−IEij (q, ω) originates from the Edelstein effect given in
the first term of Eq. (111), along with the inverse Edel-
stein effect given in the third term of Eq. (110). Substi-
tuting Eqs. (107) into Eq. (29), we obtain
σE−IEij (q, ω)
≡ e~γ
ω + i0
{
χjsij (0, ω,0)εlkj + εiklχ
sj
lj (0, ω,0)
}
qk,
= i~γκE(ω)(qiαˆj − αˆiqj). (114)
This tensor is antisymmetric and has q-linear off-diagonal
components. The induced current jE−IE is given by
jE−IE = κIE(ω)αˆ×B + (−i~γq)× κE(ω)αˆ×E,
= i~κE(ω)Beff(q)×E, (115)
where Beff(q) = αˆ× q is a q-induced effective magnetic
field. Thus, it is apparent that an electron flowing in
the E direction experiences a Lorentz force, and that the
current is bent around Beff(q). This indicates that the
E of a linearly polarized wave rotates around Beff(q)
(Fig. 6(c)). Hence, the electric field acquires a compo-
nent parallel to q, which may be called “Rashba-induced
birefringence.” Details are presented in Sec. VIII-B.
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FIG. 5: Real and imaginary parts of (a–e) C(ω), D(ω), E1(ω), E2(ω), and E3(ω), respectively, plotted as functions of ω˜ = ω/ω‖p
for the dimensionless Rashba parameter α˜ = 0.67. In this study, frequencies are measured in units of plasma frequency
ω
‖
p =
√
e2ne
ε0m‖
. For C(ω) and D(ω), cusps exist at the interband transition edges ω˜± = ω±/ω‖p (ω˜− ' 0.8 and ω˜+ ' 2.8), the
region of which is shaded. For E1(ω), E2(ω), and E3(ω), singularities exist at the ω˜±.
TABLE II: List of material parameters of BiTeI and their typical values.
Quantity Symbol Value
Rashba interaction strength α 3.8 eVÅ
Non-dimensional Rashba interaction strength α˜ = m⊥α/(~2k⊥F ) 0.67
Effective mass (parallel to α) m‖ = 5m⊥ 4.3× 10−31kg
Effective mass (perpendicular to α) m⊥ 0.86× 10−31kg
Fermi energy F 0.2 eV
Electron density ne 4.5× 1025 m−3
Plasma frequency (parallel to α)
ω
‖
p
2pi
=
1
2pi
√
e2ne
ε0m‖
8.8× 1013 Hz
(~ω‖p ' 0.36 eV, 2pic/ω‖p ' 3.4 µm)
Plasma frequency (perpendicular to α)
ω⊥p
2pi
=
√
e2ne
ε0m⊥
1.9× 1014 Hz
(~ω⊥p ' 0.77 eV, 2pic/ω⊥p ' 1.5 µm)
Interband transition edge (lower)
ω−
2pi
=
2F
h
(
α˜
√
1 + α˜2 − ˜) 7.0× 1013 Hz
Interband transition edge (higher)
ω+
2pi
=
2F
h
(
α˜
√
1 + α˜2 + α˜
)
2.4× 1014 Hz
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FIG. 6: Schematic illustration showing cross-correlation effects in (nonmagnetic) Rashba conductor: (a) Edelstein effect; (b)
inverse Edelstein effect; and (c) combined direct and inverse Edelstein effects with spatial dispersion q. (a) A spin accumulation
σE ∼ α×E is induced by an external electric field E, and a charge current jIE·E ∼ α×σE is then induced by this σE because of
the inverse Edelstein effect (the direct and inverse Edelstein effects), contributing to the plasma frequency modification. (b) A
charge current jIE ∼ α×B is induced by a time-varying external magnetic field, and a spin accumulation σIE·E ∼ α×jIE is then
induced by this jIE because of the Edelstein effect (the direct and inverse Edelstein effects), contributing to the modification
of the magnetic susceptibility. (c) A “Hall” current jE−IE ∼ Beff(q) × is induced by a q-dependent effective magnetic field
B(q) = αˆ× q and an E resulting from the combination of the direct and inverse Edelstein effects.
VII. MICROSCOPIC CALCULATION:
FERROMAGNETIC RASHBA CONDUCTOR
In this section, we consider the effect of the exchange
interaction and the RSOI on the current and spin re-
sponses.
A. Response functions at first orders in q and M
We first evaluate the response functions at q = 0 and
for the first order of M . The results are obtained from
the following expressions (see Appendices B and C):
χ
jj,(1)
ij (ω,M) ≡Mk
∂
∂Mk
χjjij (0, ω,M)
∣∣∣∣
M=0
,
= −i ne
m⊥
M
F
D(ω)εijkMˆ‖,k, (116a)
χ
js,(1)
ij (ω,M) ≡Mk
∂
∂Mk
χjsij (0, ω,M)
∣∣∣∣
M=0
,
= i
~
α
ne
m⊥
M
F
(Ni(ω)αˆj − αˆ ·N(ω)δij) ,
(116b)
χ
sj,(1)
ij (ω,M) ≡Mk
∂
∂Mk
χsjij (0, ω,M)
∣∣∣∣
M=0
,
= −i ~
α
ne
m⊥
M
F
(αˆiNj(ω)− αˆ ·N(ω)δij) ,
(116c)
χ
ss,(1)
ij (ω,M) ≡Mk
∂
∂Mk
χssij (0, ω,M)
∣∣∣∣
M=0
,
= −i ~
2
α2
ne
m⊥
εijkNk(ω), (116d)
where
N(ω) = D(ω)Mˆ‖ + α˜E3(ω)Mˆ⊥, (117)
with Mˆ = M/|M | being a unit vector in the magnetiza-
tion direction and Mˆ‖ = (αˆ ·Mˆ)αˆ and Mˆ⊥ = Mˆ −Mˆ‖.
The D(ω) and E3(ω) coefficients are complex functions
of ω, which are plotted in Fig. 5(b–e). Their analytic
expressions are given in Appendix C. Note that the fre-
quency depdendence of D(ω) and that of E3(ω) differ
significantly. That is, D(ω) has cusps at transition edges
ω± (Fig. 5(b)), whereas E3(ω) diverges at ω± (Fig. 5(e)).
For response functions at the first order of q and M ,
we require only χjjij , which is given by
χ
jj,(11)
ij (q, ω,M)
≡ qkMl ∂
2
∂qk∂Ml
χjjij (q, ω,M)
∣∣∣∣
q=0,M=0
,
=
ne
m⊥
M
kFF
[
E1(ω)Tˆ · qδ⊥ij +
1
2
E2(ω)
{
Tˆiq⊥,j + q⊥,iTˆj
}]
,
(118)
where Tˆ = αˆ× Mˆ and q⊥ = q − αˆ(q · αˆ). Thus, we see
that only the perpendicular components ofM contribute
to theM - and q-induced current response. As mentioned
above (see the last paragraph of Sec. II), the vector Tˆ =
αˆ× Mˆ can be regarded as a toroidal moment81.
B. Induced current and spin
Substituting Eq. (116) into Eqs. (22) and (23), we
obtain the current and spin densities j(1)(q, ω) and
σ(1)(q, ω), respectively, to the first order of M :
j(1) = σAH(ω)Mˆ‖ ×E + κIEM(ω)αˆ× (N(ω)×B),
(119)
σ(1) = κEMN(ω)× (αˆ×E) + χMN(ω)×B, (120)
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where
σAH(ω) =
iε0(ω
⊥
p )
2
ω + i0
M
F
D(ω), (121a)
κEM(ω) =
e
ω + i0
~
α
ne
m⊥
M
F
, (121b)
κIEM(ω) = i~γωκEM(ω), (121c)
χM = −i~γ ~
2
α2
ne
m⊥
M. (121d)
The first term of Eq. (119) represents the anomalous Hall
effect75–78. Further, the second term of Eq. (119) and
the first term of Eq. (120) represent the electromagnetic
cross-correlation effects due to the RSOI and M , which
are reciprocal to each other. The contributions of these
terms to the total induced current, which consists of the
polarization and magnetization currents, is of first order
in both q and M . Thus, this is the same order of mag-
nitude as the current density obtained from χjj,(11)ij in
Eq. (118) (see Sec. VII-C).
C. Optical conductivity
The optical conductivities in the presence of M can
be obtained by substituting Eqs. (116) and (118) into
Eq. (29). For q = 0 and at the first order of M , we
obtain
σAHij (ω,M‖) ≡
−ie2
ω + i0
χ
jj,(1)
ij (ω,M),
= −σAH(ω)εijkMˆ‖,k. (122)
The induced current jAH = σAH(ω)Mˆ‖ × E represents
the anomalous Hall current (Fig. 7(a)) [Eq. (12)Recent
optical spectroscopy measurements performed on a BiTeI
semiconductor subjected to a static magnetic field have
revealed a cusp structure in the corresponding optical
conductivity σAH(ω)32; this finding qualitatively agrees
with our result. Because of the anomalous Hall effect, the
electron flow in the E direction is bent (Fig. 7(a)), and
the E of a linearly polarized wave rotates around Mˆ‖ in
the Rashba conductor; this is called “Faraday rotation”
and is studied in Sec. IX-A.
For the first-order terms in q and M , it is convenient
to decompose the optical conductivity into two parts re-
lated to the parallel and perpendicular components of
M , respectively. The former is given by
σ
M,‖
ij (q, ω,M‖)
≡ e~γ
ω + i0
{
χ
js,(1)
ij (ω,M‖)εlkj + εiklχ
sj
lj (ω,M‖)
}
qk,
= σM (ω)
D(ω)
α˜
(
Q‖ilεlkj + εilkQ‖lj
)
q⊥,k, (123)
where
σM (ω) =
iε0(ω
⊥
p )
2
ω + i0
1
2k⊥F
M
F
, (124)
and we have replaced the gyromagnetic ratio γ by
e
2m⊥
and introduced the “quadrupole” moment81 Q‖ij =
αˆiMˆ‖,j+ αˆjMˆ‖,i. Thus, the induced current jMO is given
by
jMO(q, ω) = κMO(ω)
{
Q‖ · (q⊥ ×E)− q⊥ × (Q‖ ·E)
}
,
(125)
where κMO(ω) = σMD(ω)/α˜. The jMO induced by Q‖ij
arises when E and q⊥ are noncollinear (Fig. 7(b)) and,
thus, the optical conductivity tensor has off-diagonal
components linear in q. This result indicates that the
“quadrupole” moment Q‖ causes a rotation of the E of
the linearly polarized wave around q⊥; thus, a similar
phenomenon to natural optical activity is expected to
occur, as mentioned in Sec. IV. However, the signal will
be considerably weaker than that of the anomalous Hall
effect, as κMO(ω) has a small parameter ω‖/(ck⊥F ), which
is ∼ 10−3 for BiTeI. In this study, we do not pursue this
phenomenon further.
The remaining “perpendicular” component originates
from χjj,(11)ij in Eq. (118) and the electromagnetic cross-
correlation effects obtained from Eqs. (116b) and (116c)
are given by
σM,⊥ij (q, ω,M⊥) =
−ie2
ω + i0
χ
jj,(11)
ij (q, ω,M) +
e~γ
ω + i0
{
χ
js,(1)
ij (ω,M⊥)εlkj + εiklχ
sj
lj (ω,M⊥)
}
qk,
= −σM
[{
(2E1(ω) + E3(ω)) δ
⊥
ij + E3(ω)αˆiαˆj
} T · q,
+
(
E2(ω)− 1
2
E3(ω)
)
(Tiq⊥,j + Tjq⊥,i)− 1
2
E3(ω)
(Q⊥ilεlkj + εilkQ⊥lj) q⊥,k]. (126)
Again, we have replaced γ by
e
2m⊥
in the second term. In addition, we have introduced the “quadrupole” moment
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FIG. 7: Schematic illustration showing current responses in ferromagnetic Rashba conductor. (a) Anomalous Hall current
jAH and (b, c) q- and M -induced currents. (a) An anomalous Hall current jAH ∼ M × E is induced by the Rashba spin
orbit interaction, the parallel component of the magnetization M‖ = (αˆ ·M)αˆ, and an external electric field E. As the
electron orbits are bent in the plane perpendicular toM (or α), the E of a linearly polarized wave rotates aroundM , yielding
Faraday rotation. (b) A q-dependent charge current jMO ∼ Q‖ · (q × E) is induced by the parallel “quadrupole” moment
dyadic Q‖ = αˆM‖ +M‖αˆ. As this moment causes a rotation of the plarization plane of the linearly polarized wave around q,
M -induced optical activity can occur. (c) A q-dependent charge current is induced by the “toroidal” moment Tˆ = αˆ× Mˆ and
the perpendicular “quadrupole” moment dyadic Q = αˆM⊥ +M⊥αˆ. This current depends on the direction of q and M and is
nonreciprocal, generating a difference in absorption for counterpropagating electromagnetic waves relative to q or M .
as Q⊥ij = αˆiMˆ⊥,j+αˆjMˆ⊥,i. Contrary to σM,‖ij [Eq. (123)],
σM,⊥ij can have a q-linear term in the diagonal compo-
nents. From Eq. (126), the induced current is given by
jN = (Tˆ · q)
{
κN1 (ω)αˆ× (αˆ×E) + κN2 (ω)(αˆ ·E)αˆ
}
+ κN3 (ω)
{
Tˆ (q⊥ ·E) + q⊥(Tˆ ·E)
}
+ κN4 (ω)
{Q⊥ · (q⊥ × )− q⊥ × (Q⊥ ·E)} , (127)
where κN1 (ω) = σM (2E1(ω) + E3(ω)), κN2 (ω) =
−σME3(ω), κN3 (ω) = −σM (E2(ω) − E3(ω)/2), and
κN4 (ω) = σME3(ω)/2. It is apparent that, for the
configuration with Tˆ ‖ q and Mˆ⊥ ‖ E (Fig. 7(c)),
the current is efficiently induced by the toroidal and
quadrupole moments. Then, the diagonal compo-
nents satisfy σM,⊥ii (−q, ω,M⊥) = σM,⊥ii (q, ω,−M⊥) =
−σM,⊥ii (q, ω,M⊥). Thus, the induced longitudinal cur-
rent depends on the direction of q or M ; this nonrecip-
rocal current flow induces a difference in absorption be-
tween the two counterpropagating electromagnetic waves
(q and −q), or between the two opposite magnetization
directions (M and −M). As transport coefficients con-
tain Eµ(ω) (µ = 1, 2, 3), which diverge at ω±, signifi-
cant enhancement is expected in the anisotropic propa-
gation, which is called “nonreciprocal directional di hro-
ism.” This phenomenon is considered in detail in Sec. IX-
B.
VIII. WAVE PROPAGATIONS IN
NONMAGNETIC RASHBA CONDUCTOR
We now examine wave propagations in a bulk Rashba
conductor based on the wave equation (31) and the εij
given by Eq. (2), combined with the microscopic results
obtained in the previous sections. In this section, we
focus on the nonmagnetic case (M = 0); the effects ofM
are considered in the next section. In what follows, it is
convenient to choose the coordinate system (ex, ey, ez) =
(qˆ⊥, αˆ × qˆ⊥, αˆ), where qˆ⊥ = q⊥/|q⊥| with q⊥ = q −
(αˆ · q)αˆ being a unit vector perpendicular to αˆ. In this
coordinate system, q is expressed as q = qxex+qzez and
the wave equation is given by Eq. (37).
A. Effects of anisotropy in ε(0)ij :
Negative refraction and backward waves
Let us first consider the anisotropy of ε(0)ij (ω). Substi-
tuting σ(0)ij (ω) [Eq. (113)] into Eq. (32), we obtain
ε
(0)
ij (ω) = δij +
1
ε0
i
ω
σ
(0)
ij (ω),
=
εx(ω) 0 00 εx(ω) 0
0 0 εz(ω)
 , (128)
where
εx(ω) = 1−
(ω⊥p )
2
ω(ω + iη)
(1 + C(ω)), (129)
εz(ω) = 1− (ω
‖
p)2
ω(ω + iη)
. (130)
Note that we have replaced the infinitesimal 0 with a fi-
nite damping parameter η in the dielectric functions. In
the following, the C(ω), D(ω), E1(ω), E2(ω), and E3(ω)
coefficients are also evaluated with this finite η. (De-
tails are provided in Appendix C.) It is apparent that
the ε(0)ij tensor has the same uniaxi l symmetry as that
given in Eq. (41), and αˆ = ez gives the optic axis. Thus,
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FIG. 8: Real and imaginary parts of εz and εx as functions
of ω˜ = ω/ω‖p for α˜ = 0.67 and η˜ = η/ω‖p = 0.01. The gray
shaded region represents the frequency range ω‖p < ω < ωR =
ω˜Rω
‖
p, in which Re(εz) > 0 and Re(εx) < 0.
there exist two types of wave solution: a linearly polar-
ized ordinary wave and an extraordinary wave. Here, we
concentrate on the extraordinary wave. The dispersion
relation is given by
q2x
εz
+
q2z
εx
=
ω2
c2
. (131)
To illustrate the dispersion curve of Eq. (131) for the
extraordinary wave, we consider the frequency depen-
dence of εx and εz in Eqs. (129) and (130), respectively.
The real and imaginary parts of εz and εx as functions of
ω are plotted in Fig. 8. It is apparent that there is a re-
gion ω‖p < ω < ωR, in which Re(εz) > 0 and Re(εx) < 0.
Here, ωR is the modified plasma frequency due to the
RSOI and is determined by Re(εx(ωR)) = 0. In this fre-
quency region, the equifrequency dispersion surface is hy-
perbolic and is further classified into two types (Fig. 9(a,
c)).
The Type-I hyperboloid has a surface gap in the x-
direction when qz is real, which can be realized by the
experimental configuration illustrated in Fig. 9(b), where
the incident plane includes the z-axis. In this case, the
transverse component of the group velocity vg = ∇qω(q),
which is equivalent to S, has the opposite sign to that
of q (Fig. 9(a)). This implies that S is refracted to the
negative side and q is on the positive side with respect to
the interface normal (x-axis in Fig. 9(b)). Thus, for the
Type-I hyperboloid, a negative refraction is expected at
the interface50–52. The Type-II hyperboloid has a surface
gap in the z-direction for real qx, which can be realized
by the experimental configuration illustrated in Fig. 9(d),
where the incident plane includes the x-axis. In this case,
it is possible that the direction of the group velocity is
1
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FIG. 9: Equifrequency dispersion curve in hyperbolic fre-
quency region for ω‖p < ω < ωR and schematic diagram of re-
fraction of extraordinary plane waves obliquely incident from
vacuum on semi-infinite Rashba conductor. For the Type-I
and –II cases, qz and qx are taken to be real, respectively.
(b) For the Type-I hyperboloid, the energy flow is refracted
to the negative side at the interface for all incident angles θi.
(d) On the other hand, for the Type-II hyperboloid, it is pos-
sible that the normal component of the wave vector can be
taken to be negative within the positive energy flow direction.
positive and the normal component of q, i.e., qx, is neg-
ative (Fig. 9(c)). This implies that the energy flow is
refracted to the positive side with respect to the inter-
face normal (the z-axis in Fig. 9(d)) and that q points
in the negative direction in the Rashba conductor. Thus,
for a Type-II hyperboloid, it is expected that a back-
ward wave (i.e., a wave with negative phase velocity) is
realized50–52. Further details of the above behaviors are
presented in the following subsections.
For BiTeI, ωR ' 1.4 × 1015 rad/s (~ωR ' 0.9 eV),
which is larger than the bare plasma frequency ω⊥p '
1.2 × 1015 rad/s. This yields the hyperbolic frequency
region ω‖p < ω < ωR with ω
‖
p ' 5.5 × 1014 rad/s (~ω‖p '
0.36 eV), in which Re(εz) > 0 and Re(εx) < 0 (Fig. 8);
this covers the infrared region. Thus, in this hyperbolic
frequency region, the Rashba conductor is insulating in
the z-direction and metallic in the x-direction.
Note that the increase in plasma frequency (ω⊥p → ωR)
is due to the RSOI on top of the electron-mass anisotropy.
When ω⊥p =
√
m‖/m⊥ω
‖
p is larger than the ω0 at which
Re(C(ω0)) = 0, Re(C(ωR)) becomes positive (Fig. 5(a)).
As the threshold is given by m‖/m⊥ ' 2.4, the RSOI
contributes to the expansion of the hyperbolic frequency
region in the case of BiTeI (m‖/m⊥ ' 5). In contrast,
in the isotropic mass model (m⊥ = m‖)10, ωR is always
smaller than ω⊥p (= ω
‖
p). Thus, in the hyperbolic region,
the metallic and insulating directions are interchanged.
19
1. Negative refraction in Type-I hyperboloid
Here, we demonstrate that the Type-I hyperboloid ex-
hibits negative refraction. Let us consider a semi-infinite
Rashba conductor in vacuum (Fig. 9(b)), with the refrac-
tion of a plane wave at oblique incidence. The incident
wave vector is qi = (ω/c)(sin θiex + cos θiez), where θi is
the angle of incidence. We first specify the direction of
q = qxex+qzez in the Rashba conductor from the energy
flow perspective. From Fig. 9(a), the conservation of the
tangential component of q, which can be taken to be real
and positive, yields qz = (ω/c) sin θi. Substituting this
expression into Eq. (131), we have
qx = ±ω
c
(√
ε′I + |εI|
2
+ isgn(ε′′I )
√
−ε′I + |εI|
2
)
, (132)
where
εI = ε
′
I + iε
′′
I = εz −
εz
εx
sin2 θi, (133)
with ε′I and ε
′′
I being the real and imaginary parts of
εI, respectively. Further, sgn(x) is a sign function,
with sgn(x > 0) = 1 and sgn(x < 0) = −1. Note
that sgn(ε′′I ) = 1 in the hyperbolic region, as ε
′′
I =
Imεz − |εx|−2(Re(εx)Im(εz) − Re(εz)Im(εx)) sin2 θi > 0
(see Fig. 8). However, at this stage, we cannot deter-
mine the ± selection in Eq. (132). To overcome this
problem, we must consider the energy flow in the Rashba
conductor52,96.
The time-averaged Poynting vector is given by (see Ap-
pendix D)
S(r) =
ωε0
2
{
Re
(
εz
qx
)
|Ez|2ex + Re
(
εx
qz
)
|Ex|2ez
}
× e−2Imq·r. (134)
As the energy must flow into the medium from the inter-
face (Fig. 9(b)), S(0) · ex = Sx(0) > 0, or
Re
(
εz
qx
)
=
Re(εz)Re(qx) + Im(εz)Im(qx)
|qx|2 > 0. (135)
Further, as Re(εz) > 0 and Im(εz) > 0 in the hy-
perbolic region (Fig. 8), we must choose the “+” op-
tion for Eq. (132). Thus, both the real and imagi-
nary parts of qx are positive in the hyperbolic region
(Re(qz) > 0 and Im(qz) > 0), which exhibits a forward
wave with loss. On the other hand, the tangential com-
ponent of the Poynting vector at r = 0 is negative, as
S(0) · ez = Sz(0) ∝ Re(εx/qz) = cRe(εx)/(ω sin θi) < 0
(Fig. 8). Thus, for the Type-I hyperboloid, we conclude
that the inequalities Re(qx) > 0 and Sz(0) < 0 are satis-
fied in the hyperbolic region for all θi; in the hyperbolic
region, a forward wave and negative refraction are exhib-
ited (Fig. 9(b))52.
To confirm this finding, we evaluate the angles of re-
fraction of S and q, θ⊥S and θ
⊥
q , respectively, along with
the transmittance T⊥ at the interface. These features are
given by
tan θ⊥S =
Sz(0)
Sx(0)
=
Re(1/εx)
Re(qx/εz)
ω
c
sin θi, (136)
tan θ⊥q =
qz
Re(qx)
=
1
Re(qx)
ω
c
sin θi, (137)
T⊥ =
Sx(0)
Si,x
=
4
ω
c
Re
(
εz
qx
)
cos θi∣∣∣∣1 + ωc εzqx cos θi
∣∣∣∣2
, (138)
where Si,x is the normal component of the time-averaged
Poynting vector of an incident plane wave in vacuum.
The calculations of θ⊥S and T⊥ are presented in Appendix
D. In addition, θ⊥S , θ
⊥
q , and T⊥ are presented as functions
of θi and ω˜ = ω/ω
‖
p in Fig. 10. It is apparent that θ⊥S
(Fig. 10(a)) and θ⊥q (Fig. 10(b)) are negative and positive,
respectively, for all θi and in the hyperbolic frequency re-
gion (ω‖p < ω < ωR). Note that, for a given frequency
ω˜, the negative θ⊥S takes constant values and the abso-
lute value of the angle increases with increasing ω. This
focusing effect10 is stronger for larger frequencies close
to ω˜R. However, as the transmission window appears for
small θi, the focusing effect is observable for θi <∼ 30◦.
2. Backward wave in Type-II hyperboloid
Here, we focus on a wave propagation in the Type-II
configuration and demonstrate the backward wave phe-
nomenon. As shown in Fig. 9(d), the conservation of
the tangential component of q yields qx = (ω/c) sin θi.
Substituting this expression into Eq. (131), we have
qz = ±ω
c
(√
ε′II + |εII|
2
+ isgn(ε′′II)
√
−ε′II + |εII|
2
)
,
(139)
where
εII = ε
′
II + iε
′′
II = εx −
εx
εz
sin2 θi, (140)
with ε′II and ε
′′
II being the real and imaginary parts of εII,
respectively. To determine the ± selection in Eq. (139),
we consider the energy flow, as previously. As the en-
ergy must flow away from the interface (Fig. 9(d)), the
inequality Sz(0) > 0, or
Re
(
εx
qz
)
=
Re(εx)Re(qz) + Im(εx)Im(qz)
|qz|2 > 0, (141)
must be satisfied. Further, as Re(εx) < 0 and Im(εx) > 0
in the hyperbolic region (ω‖p < ω < ωR), the inequality
Re(εx)Re(qz) + Im(εx)Im(qz) > 0 is satisfied for (i) a
forward wave with loss, corresponding to Re(qz) > 0
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FIG. 10: Density plots of (a) Poynting-vector angle of refraction θ⊥S , (b) wave-vector angle of refraction θ⊥q , and (c) transmittance
T⊥ of Rashba interface, as functions of θi and ω˜.
and Im(qz) > 0 for Im(εII) > 0; (ii) an evanescent
wave, corresponding to Re(qz) = 0 and Im(q‖) > 0;
and (iii) a backward wave with loss, corresponding to
Re(qz) < 0 and Im(qz) > 0 for Im(εII) < 0. For (i), we
confirm this response numerically. As regards (ii) and
(iii), these conclusions are obvious, as Re(εx) < 0 and
Im(εx) > 0. On the other hand, the tangential compo-
nent of the Poynting vector in Eq. (134) is always posi-
tive, as Re(εz/qx) = cReεz/(ω sin θi) > 0 (Fig. 9(d)); this
indicates that the energy flow is always refracted to the
positive side with respect to the interface normal (x-axis).
Therefore, we conclude that a backward wave and posi-
tive refraction are expected for a Type-II hyperboloid52.
To confirm the validity of the above argument, we eval-
uate the angles of refraction of S and q, θ‖S and θ
‖
q , re-
spectively, along with the transmittance T‖ at the inter-
face. These features are respectively given by
tan θ
‖
S =
Sx(0)
Sz(0)
=
Re(1/εz)
Re(qz/εx)
ω
c
sin θi, (142)
tan θ‖q =
qx
Re(qz)
=
1
Re(qz)
ω
c
sin θi, (143)
T‖ =
Sz(0)
Si,z
=
4
ω
c
Re
(
εx
qz
)
cos θi∣∣∣∣1 + ωc εxqz cos θi
∣∣∣∣2
. (144)
The calculations of θ‖S and T‖ are presented in Appendix
D. Futher, Fig. 11 shows θ‖S , θ
⊥
q , and T‖ as functions
of all θi and ω˜ ≡ ω/ω‖p in the hyperbolic frequency
region (1.0 < ω˜ < 2.37). It is apparent that the en-
ergy flow is always in the positive direction (Fig. 11(a)),
whereas q changes from negative to positive directions
(−90◦ < θ⊥q < 90◦) with increasing θi (Fig. 11(b)). We
find that the energy of the electromagnetic wave propa-
gates along the Rashba interface around the Re(qz) = 0
region (Fig. 11(a, c)). The existence of such a surface
wave can be understood from the dispersion relation per-
spective. For a given ω, the Type-II hyperboloid allows
a complex wave vector q = i(Imqz)ex + qxex, which cor-
responds to Re(εII) < 0 and Im(εI) = 0. Thus, this wave
can propagate along the interface and evanesce in the
Rashba conductor. Furthermore, Fig. 11(c) shows that
the transmission at the interface is almost complete, i.e.,
T‖ ' 1, covering broad ranges of ω and θi.
B. Effects of αijk(ω)qk: Rashba-induced
birefringence
As the Rashba conductor breaks space inversion sym-
metry, the q-linear term αijk(ω)qk can exist in the di-
electric tensor. This term originates from the electro-
magnetic cross-correlation effects, i.e., the combination
of the Edelstein and inverse Edelstein effects. Substitut-
ing the optical conductivity σE−IEij (q, ω) [Eq. (114)] into
Eq. (32), we obtain
αijkqk =
1
ε0
i
ω
σE−IEij (q, ω),
=
 0 0 −iαR(ω)cqx/ω0 0 0
iαR(ω)cqx/ω
 , (145)
where
αR(ω) =
1
2α˜
ω⊥p
ck⊥F
ω⊥p
ω + iη
C(ω). (146)
It is apparent that the dielectric tensor of Eq. (145) con-
tains only off-diagonal components and has the same
form as Eq. (56). Thus, linear birefringence is expected,
which we call “Rashba-induced birefringence.”
Let us consider the normal wave incidence shown in
Fig. 12. where the direction of the incident-wave elec-
tric field is along the z-axis: Ei(r, t) = Eiezeiω(x/c−t).
In this configuration, by using the result of Sec IV-B-2,
we obtain two types of wave solution. One is an ordi-
nary wave with dispersion relation cqo(ω) = ω
√
εx(ω)
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FIG. 11: Density plots of (a) Poynting-vector angle of refraction θ‖S , (b) wave-vector angle of refraction θ
‖
q , and (c) transmittance
T‖ of Rashba interface, as functions of θi and ω˜. The thick black line in (b) separates the forward (Req‖ > 0) and backward
(Req‖ < 0) waves.
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FIG. 12: Schematic illustration of Rashba-induced linear bire-
fringence, in which a linearly polarized wave is refracted at the
interface between a v cuum and a Rashba conductor.
and eigen vector Eo = E0ey. The other is an extraor-
dinary wave, the dispersion relation of which is given by
q = qR(ω), where
qR =
ω
c
√
εzεx
εx + α2R
' ω
c
√
εz, (147)
assuming |εx|  |α2R|. The electric field Ee = E0xex +
E0zez acquires a longitudinal component, such that
E0x =
iαR
εx
√
εzE0z, (148)
at first rder in αR. Let us evaluate the transmittance
TR and tilt angle θR due to the Rashba-induced birefrin-
gence, which is determined by the angle between q and S.
The time-averaged Poynting vector of the extraordinary
wave is given by
S(r) =
ε0c
2
|E0z|2
[
Re(
√
εz)ex − Re
(
iαR
εx
)
|εz|ez
]
e−2ImqRz,
(149)
which has a component perpendicular to q. The trans-
mittance is given by
TR =
S(0) · ex
Si · ex =
4Re(
√
εz)∣∣1 +√εz∣∣2 , (150)
where Si =
ε0c
2
|Ei|2ex is the time-averaged Poynting
vector of the incident wave. The tilt angle at the interface
(Fig. 12) is
tan θR =
S(0) · ez
S(0) · ex = −
[
Re
(
iαC
εx
)
Re(
√
εz)
|εz|
]
. (151)
We present TR and θR as functions of ω in Fig. 13. There
are two peaks in θR at ω
‖
p and ω+. As the Rashba con-
ductor is transparent above ω‖p, a peak is observable at
ω+ (Fig. 13).
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FIG. 13: Transmittance TR and tilt angle θR as functions of
ω˜ for Rashba-induced linear birefringence.
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FIG. 14: Schematic illustration of Faraday effect. (a) Left-
and (b) right-handed circularly polarized waves normally in-
cident on Rashba conductor slab of thickness d in Faraday
configuration, where M is parallel to qL,R and α.
IX. WAVE PROPAGATIONS IN
FERROMAGNETIC RASHBA CONDUCTOR
In the presence ofM , the system breaks both the space
inversion and time reversal symmetries. Here, we con-
sider wave propagations for the Faraday configuration
(q ‖M) with αˆ ·M ≡ M‖ 6= 0, and for the Voigt con-
figuration (q ⊥M) with q · (α×M) 6= 0.
A. Effects of βijk(ω)Mk: Faraday and Kerr effects
The optical conductivity σAHij (ω) [Eq. (122)] due to the
anomalous Hall effect contributes to the dielectric tensor
according to
βijk(ω)Mk =
1
ε0
i
ω
σAHij ,
=
 0 εAH(ω) 0−εAH(ω) 0 0
0 0 0

ij
, (152)
where
εAH(ω) = −
(ω⊥p )
2
ω(ω + iη)
M‖
F
iD(ω). (153)
Equation (152) contains the off-diagonal components
only and has the same form as Eq. (65). Thus, as an
M -induced optical phenomenon, the Faraday effect is
expected. Setting q = qzez and M = Mez in Eq. (31),
we obtain the dispersion relations qz = qL,R(ω) and
qL,R(ω) =
ω
c
√
εL,R(ω), (154)
where
εL,R(ω) = εx(ω)± iεAH(ω),
= 1− (ω
⊥
p )
2
ω(ω + iη)
(
1 + C(ω)± M
F
D(ω)
)
,
(155)
with eigen vectors EL,R = (ex ± iey)E0/
√
2 correspond-
ing to the left- (+) and right-handed (−) circularly po-
larized waves.
The Faraday rotation angle and the MCD are given by
Eqs. (71) and (72), repspectively. Here, we evaluate these
values more precisely. Let us consider an electromagnetic
wave propagation normally incident on a ferromagnetic
Rashba slab with thickness d (Fig. 14). When the inci-
dent wave is linearly polarized, the electric field vector
rotates; this effect is called Faraday or Kerr rotation for
the transmitted or reflected waves, respectively. The cor-
responding rotation angles are given by
θF(ω) =
1
2
arg
(TL(ω)
TR(ω)
)
, (156)
θK(ω) =
1
2
arg
(RL(ω)
RR(ω)
)
, (157)
respectively, where arg(z) is the argument of a complex
number z and TL(R)(ω) and RL(R)(ω) are the transmis-
sion and reflection amplitudes, respectively, for each cir-
cularly polarized wave (see Appendix D). Here,
TL,R(ω) =
(1− χ2L,R(ω))ei(qL,R(ω)−ω/c)d
1− χ2L,R(ω)e2iqL,R(ω)d
, (158)
RL,R(ω) = χL,R(ω)(1− e
2iqL,R(ω)d)
1− χ2L,R(ω)e2iqL,R(ω)d
, (159)
with
χL,R(ω) =
1−√εL,R(ω)
1 +
√
εL,R(ω)
. (160)
The magnitude of the MCD is defined as the difference
in absorption rate between the left- and right-handed cir-
cularly polarized waves, i.e.,
ηMCD(ω) =
AL(ω)−AR(ω)
AL(ω) +AR(ω)
, (161)
where AL,R(ω) is the absorbance. The absorbance is ob-
tained from AL,R(ω) = 1 − TL,R(ω) − RL,R(ω), where
TL,R(ω) = |TL,R(ω)|2 and RL,R(ω) = |RL,R(ω)|2 are the
transmittance and reflectance, respectively. In Fig. 15,
TL,R(ω), RL,R(ω), AL,R(ω), θF(ω), θK(ω), and ηMCD(ω)
are presented as functions of ω˜ = ω/ω‖p for M/F =
0.01, 0.05, and 0.1 and for d = 1µm. It is apparent that
higher values are obtained in all cases with increasing
M/F. For ω < ω−, the incident wave is almost per-
fectly reflected at the surface of the Rashba conductor.
Thus, θK(ω) is observable near ω−. For ω > ω+, as the
electromagnetic wave can pass through the Rashba con-
ductor, θF(ω) is observable near ω+. Note that the two
sharp peaks of ηMCD, which appear at ω > ω+, are due
to vanishing of RL,R(ω) at these frequencies; thus, these
peaks are unobservable. Therefore, the MCD signal can
be detected in the reflected wave for ω < ω− and in the
transmitted wave for ω > ω+.
B. Effects of γijkl(ω)qkMl:
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FIG. 16: Schematic illustration of nonreciprocal directional
dichroism for propagation of linearly polarized waves. (a) The
optical absorption rates differ between the two counterprop-
agating waves (q and − ). (b) The optical absorption rates
differ between the two cases with mutually opposite magne-
tization (M and −M).
Nonreciprocal directional dichroism
Finally, let us consider the nonreciprocal directional
dichroism. This eff ct is observable when the system is
in the Voigt configuration (q ⊥ ) and when q ·(α×M)
is nonzero. Here, we set q = qxex and M = Mey, as
illustrated in Fig. 16. Thus, th toroidal moment is given
by Tˆ = αˆ × Mˆ = −ex and the quadrupole moment is
Q⊥ij = αˆiMˆ⊥j + αˆjMˆ⊥i = δizδjy+δiyδjz. With the optical
conductivity σM,⊥ij (q, ω,M⊥) [Eq. (126)], the dielectric
tensor is given by
γijkl(ω)qkMl =
−2γ12 ω Mcqx/ω 0 00 −2γ13(ω)Mcqx/ω 0
0 0 0
 ,
(162)
where γ12(ω) = γ1(ω)+γ2(ω) and γ13(ω) = γ1(ω)+γ3(ω),
with
γµ(ω) =
1
2
ω⊥p
ck⊥F
1
F
ω⊥p
ω + iη
Eµ(ω), (µ = 1, 2, 3). (163)
24
The wave equation (31) is given by−ω2εx(ω) + 2ωγ12(ω)Mcqx 0 iωαC(ω)cqx0 c2q2x − ω2εx + 2ωγ13(ω)Mcqx 0
−iωαC(ω)cqx 0 c2q2x − ω2εz(ω)

ExEy
Ez
 = 0, (164)
which yields the characteristic equation
(c2q2x − ω2εx(ω) + 2ωγ13(ω)Mcqx)
{
(c2q2x − ω2εz(ω))(ω2εx(ω)− 2ωγ12(ω)Mcq) + ω2α2C(ω)c2q2x
}
= 0. (165)
For simplicity, we concentrate on the wave solution E =
Eyey with linear polarization. The characteristic equa-
tion
c2q2x + 2ωγ13(ω)Mcqx − ω2εx(ω) = 0, (166)
contains the linear term with respect to qx and M . This
indicates that, for the replacement q → −q orM →M ,
the sign of the second term of Eq. (166) changes. Di-
rectional dichroism is expected between the two coun-
terpropagating waves (Fig. 16(a)) or between the two
opposite magnetization directions (Fig. 16(b)). The dis-
persion relation qx = q±(ω) for a wave propagating in
the positive (corresponding to +q or +M) and negative
(corresponding to −q or −M) directions is given by
q±(ω) = ±ω
c
γ13(ω)M +
ω
c
√
εx(ω) + γ213(ω)M
2. (167)
The magnitude of the nonreciprocal directional dichro-
ism (NDD) is defined by the difference in the absorption
rate of the waves propagating in the positive (q+) and
negative (q−) directions, such that
ηNDD(ω) =
A+(ω)−A−(ω)
A+(ω) +A−(ω)
, (168)
where A±(ω) is the absorbance for each direction. In
a similar manner to the MCD discussed in the previ-
ous subsection, the transmission and reflection ampli-
tudes T±(ω) and R±(ω) are given by replacing qL,R(ω)
[Eq. (154)] with q±(ω) [Eq. (167)], such that
T±(ω) =
(1− χ2±(ω))ei(q±(ω)−ω/c)d
1− χ2±(ω)e2iq±(ω)d
, (169)
R±(ω) = χ±(ω)(1− e
2iq±(ω)d)
1− χ2±(ω)e2iq±(ω)d
, (170)
χ±(ω) =
1∓ γ13(ω)M −
√
εx(ω) + γ213(ω)M
2
1± γ13(ω)M +
√
εx(ω) + γ213(ω)M
2
. (171)
In Fig. 17, the transmittance T±(ω), reflectance R±(ω),
absorbance A±(ω), and magnitude of ηNDD(ω) are pre-
sented as functions of ω˜ = ω/ω‖p for M/F = 0.1 and
η˜ ≡ η/ω‖p = 0.05, 0.01, and 0.005. It is apparent
that the absorbance has a sharp peak at ω+, which
strongly depends on η˜. For η˜ = 0.005, the NDD ra-
tio is ηNDD ∼ 0.5 at ω = ω+. This enhanced NDD at
the transition edge is attributed to the singular behav-
ior of the γ13(ω) ∝ E1(ω) + E3(ω) coefficients, which
originates from the expansion of the correlation func-
tions in Eq. (36) with respect to q and M . This ex-
pansion can be related to the second derivative of C(ω)
for ω, with C(ω) ∝ θ(ω+ − ω)√ω+ − ω close to ω+
in the clean limit (η → 0). Thus, γ13(ω) behaves as
γ13(ω) ∝ d
2
dω2
C(ω) ∼ (ω+ − ω)−3/2 and γ13(ω) diverges
at ω+ for η = 0. For a finite η, the directional dichroism
is strongly enhanced by a factor γ13(ω) ∼ η˜−3/2 at the
transition edge. For the lower transition edge ω−, similar
to the case of ω+, the coefficients E1(ω) and E3(ω) di-
verge at ω− in the clean limit. However, the sharp peak
is suppressed by a finite value of η˜ because of the cancel-
lation (see Fig. 18 in Appendix C). Therefore, the NDD
signal may be detected near ω+.
X. SUMMARY
We have investigated various types of electromagnetic
wave propagation in a three-dimensional ferromagnetic
Rashba conductor. In the first part of the paper, we de-
rived the wave equation for an electric field and demon-
strated the possible wave propagations in a ferromagnetic
conducting medium based on the symmetry of the dielec-
tric tensor, as expressed in Eq. (2). When the dielectric
tensor ε(0)ij takes a uniaxial form, it is possible for the
dispersion relation for the extraordinary wave to become
hyperbolic. Then, the medium exhibits unusual optical
properties known as negative refraction and backward
waves. When the system breaks the space inversion sym-
metry, a wave-vector q-linear term (αijkqk) arises in the
dielectric tensor. This contributes to the antisymmetric
(off-diagonal) components, and yields q-induced rotation
of the polarization vector E that corresponds to optical
activity or linear birefringence. In the presence of magne-
tizationM , the system breaks the time reversal symme-
try and exhibits theM -induced rotation of E that is the
Faraday effect or the Cotton-Mouton effect. These phe-
nomena are described by theM -linear term in the dielec-
tric tensor, βijkMk, which is antisymmetric and has off-
diagonal components. Finally, when the system breaks
both the space inversion and time reversal symmetries, a
term appears in the symmetric part of the dielectric ten-
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FIG. 17: (a) Transmittance T±, (b) reflectance R±, and (c) absorbance A± for linearly polarized waves propagating in positive
and negative directions in Rashba conductor with thickness d = 1.0 µm. (d) NDD ratio ηNDD. All graphs are plotted as
functions of ω˜ for η˜ = 0.05, 0.01, and 0.005.
sor (possiblly in diagonal components), γijklqkMl, which
is linear in both q andM . This yieldsM -induced spatial
dispersion phenomena, namely, magneto-chiral dichroism
and birefringence for the Faraday configuration, and non-
reciprocal directional dichroism and birefringence for the
Voigt configuration.
In the second part of the study, we considered a defi-
nite microscopic model, namely, a ferromagnetic Rashba
conductor, and explicitly evaluated the current and spin
response functions. These functions were combined in
an optical conductivity, which was examined to the first
order of q and M . In the absence of the magnetization
(M = 0), we demonstrated the anisotropic property of
the current response due to the electron-mass anisotropy
and the direct and inverse Edelstein effects. We also
demonstrated the current induced by the electromagnetic
cross correlation effects as jE−IE ∼ (α × q) × E, which
represents the combined effect of the Edelstein and in-
verse Edelstein effects. This result indicates that elec-
trons flowing in the E-direction experience a Lorentz
force, with their orbits being bent by the q-induced ef-
fective magnetic field Beff(q) = α×q; hence, linear bire-
fringence is generated.
In the presence of M , the current and spin responses
depend on the relative direction of M and α. When
these components are parallel, there arise two types of
currents: the anomalous Hall current, jAH = σAH(ω)(αˆ ·
Mˆ)αˆ × E, yields the Faraday effect or Cotton-Mouton
effect, whereas jMO ∼ (αˆ ·Mˆ)q×E which is due to spa-
tial dispersion, generates Rashba-induced magneto opti-
cal activity. When the above components are orthogo-
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nal (α ⊥ M), the current is induced by the “toroidal”
and “quadrupole” moments, Tˆ = αˆ × Mˆ and Q⊥ij =
αˆiMˆ
⊥
j +Mˆ
⊥
i αˆj , respectively, as given by Eq. (127). Fur-
ther, the diagonal components of the optical conductiv-
ity are not invariant under q → −q or M → −M . The
resulting nonreciprocal current flow generates a differ-
ence in absorption for counter-propagating electromag-
netic waves.
Based on these explicit results, we then demonstrated
electromagnetic wave propagations in a ferromagnetic
Rashba conductor. We first demonstrated that a material
with large Rashba spin-split bands is a good candidate
for a hyperbolic medium that exhibits negative refraction
and backward waves. These are due to the (uniaxial)
anisotropy of the dielectric tensor ε(0)ij (ω), which is the
first term in Eq. (2). Then, the Rashba-induced birefrin-
gence was demonstrated as a combined effect of the direct
and inverse Edelstein effects. This effect is governed by
the second term of Eq. (2), αijk(ω)qk. In the presence
of M and when the system is in the Faraday configura-
tion (α ‖M) and q ‖M , the medium induces Faraday
rotation, Kerr rotation, and magnetic circular dichroism,
because of the third term of Eq. (2), βijk(ω)Mk. For
the Voigt configuration (α ⊥M) and α ⊥ q, nonrecip-
rocal directional dichroism can occur. This is induced
by T and Q⊥ij , and is governed by the fourth term of
Eq. (2), γ⊥ijkl(ω)qkM⊥,l. This effect is found to be en-
hanced strongly at the spin-split transition edge in the
electron band.
Before ending this paper, let us briefly consider the op-
tical properties of Weyl semimetals in our context. The
Weyl semimetals constitute another type of momentum-
dependent spin-orbit coupled system with broken spa-
tial inversion and/or time reversal symmetries. The low-
energy Hamiltonian is given by4,5
HW = τzvFpˆ · σ + τzb0 + b · σ, (172)
where vF is the Fermi velocity. The two Weyl nodes
are specified by the chirality variable, τz = ±1. Fur-
ther, 2b0 is the energy difference between the two Weyl
nodes, which arises when the system breaks the space
inversion symmetry, while 2b denotes the displacement
vector in the momentum space separating the two Weyl
nodes, which arises when the system breaks the time re-
versal symmetry. Based on linear response theory, the
electromagnetic response of the Weyl semimetal is ob-
tained from the Hamiltonian (172) as
j = σWAH(ω)b×E + σWC (ω)b0B, (173)
where σWAH(ω) and σ
W
C (ω) are frequency-dependent coef-
ficients. The first and second terms represent the anoma-
lous Hall effect and chiral magnetic effect, respectively6.
When b0 6= 0 and b = 0, the system breaks the space in-
version symmetry and the second term of Eq. (173) gives
the q-induced components of the dielectric tensor
αijk(ω)qk = αW(ω)b0εijkqk, (174)
where αW(ω) = (−i/ε0ω2)σWC (ω). This type of off-
diagonal component in the dielectric tensor yields the op-
tical activity8,9,80 (see Sec. IV-B-1). On the other hand,
when b0 = 0 and b 6= 0, the system breaks the time re-
versal symmetry and the corresponding dielectric tensor
component is given by
βijk(ω)Mk → βW(ω)εijkbk, (175)
where βW(ω) = (−i/ε0ω)σWAH(ω). Thus, this term yields
M -induced optical phenomena, namely, the Faraday ef-
fect and the Cotton-Mouton effect7,80 (see Sec. IV-C).
Finally, when the system breaks both the space inver-
sion and time reversal symmetries (b0 6= 0 and b 6= 0),
M -induced spatial dispersion phenomena are expected
to occur. The relevant part of the dielectric tensor is
deduced from
γijkl(ω)qkMl → γW(ω)b0δij(b · q), (176)
where γW(ω) is a frequency-dependent coefficient. Thus,
this diagonal component of the dielectric tensor generates
magneto-chiral dicrhoism and birefringence (see Sec. IV-
D). Further details will be reported in the future.
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Appendix A: Proof of Onsager reciprocal relation
In this appendix, we prove the Onsager reciprocal relation for the response functions used in this paper, i.e., in
the presence of momentum-dependent spin orbit coupling and magnetization M . Here, we assume the following
Hamiltonian:
Hk = k +B(k) · σ −M · σ, (A1)
where k is an electronic dispersion, which is assumed to be even for k, and B(k) is an effective magnetic field
originating from a momentum-dependent spin orbit interaction as a result of broken space inversion symmetry and,
thus, satisfying B(−k) = −B(k). The third term represents the exchange interaction between the electron spin and
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M , which breaks the time reversal symmetry. The eigen energy of this Hamiltonian is given by
sk,M = k + s|Sk,M |, (A2)
where s = ±1 represents the spin-split upper (s = +1) and lower (s = −1) bands and
Sk,M = B(k)−M . (A3)
From this Hamiltonian (A1), we can write the Green function Gk,M (z) = (z + F −Hk)−1 as
Gk,M (z) = g
0
k,M (z)σ
0 + gk,M (z) · σ ≡ gµk,M (z)σµ, (A4)
where
g0k,M (z) =
1
2
∑
s=±1
1
z − sk,M + F
, (A5)
gk,M (z) =
1
2
∑
s=±1
sSˆk,M
1− sk,M + F
, (A6)
and σµ = (σ0, σi), with σ0 being the 2×2 unit matrix (µ = 0, x, y, z) and Sˆk,M = Sk,M/|Sk,M |. As S−k,−M = −Sk,M
and s−k,−M = 
s
k,M , we have
G−k,−M (z) = g0k,M (z)− gk,M (z) · σ ≡ gµk,M (z)σ¯µ, (A7)
where σ¯µ = (σ0,−σi).
Let us first prove the Onsager reciprocal relation for the spin-spin correlation function:
χssji (−q, ω,−M) = χssij (q, ω,M). (A8)
Here, χssij (q, ω,M) is written using Green’s function as
χssij (k, q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)σjGk−,M (ε−)
]<
, (A9)
where k± = k ± q/2 and ε± = ε± ω/2. For χssji (−q, ω,−M), we can write
χssji (−q, ω,−M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σjGk−,−M (ε+)σiGk+,−M (ε−)
]<
. (A10)
Changing the integration variable to −k and using Eq. (A7), we have
χssji (−q, ω,−M) = −
∑
k
∫ ∞
−∞
dε
2pii
[
gµk+,M (ε+)g
ν
k−,M (ε−)
]<
tr [σj σ¯µσiσ¯ν ] . (A11)
Using the trace formula, we have
tr[σj σ¯µσiσ¯ν ] = tr[σjσi]− tr[σjσkσi]− tr[σjσiσl] + tr[σjσkσiσl],
= tr[σiσj ] + tr[σiσkσj ] + tr[σiσjσl] + tr[σiσkσjσl],
= tr[σiσµσjσν ]. (A12)
Thus, we obtain
χssji (−q, ω,−M) = −
∑
k
∫ ∞
−∞
dε
2pii
[
gµk+,M (ε+)g
ν
k−,M (ε−)
]<
tr [σiσµσjσν ] ,
= −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)σjGk−,M
]<
,
= χssij (q, ω,M). (A13)
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The current-spin and spin-current correlation functions are given by
χjsij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
v˜k,iGk+,M (ε+)σjGk−,M (ε−)
]<
, (A14)
χsjij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)v˜k,jGk−,M (ε−)
]<
, (A15)
where
v˜k,i =
1
~
∂Hk
∂ki
≡ vk,i + vjk,iσj , (A16)
with vk,i =
1
~
∂k
∂ki
being a conventional velocity and vjk,,i =
1
~
∂Bj(k)
∂ki
being due to the momentum-dependent spin
orbit interaction. From Eq. (A16), Eqs. (??) and (??) are written as
χjsij (q, ω,M) = φ
js
ij (q, ω,M) +
∑
k
vkk,iϕ
ss
kj(k, q, ω,M), (A17)
χsjij (q, ω,M) = φ
sj
ij (q, ω,M) +
∑
k
vkk,jϕ
ss
ik(k, q, ω,M), (A18)
where
φjsij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
vk,iGk+,M (ε+)σjGk−,M (ε−)
]<
, (A19)
φsjij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)vk,jGk−,M (ε−)
]<
, (A20)
ϕssij (k, q, ω,M) = −
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)σjGk−,M (ε−)
]<
. (A21)
Noting v−k = −vk, we obtain
φjsji (−q, ω,−M) = −
∑
k
∫ ∞
−∞
dε
2pii
[
−vjgµk+,M (ε+)gνk−,M (ε−)
]<
tr[σ¯µσiσ¯ν ],
= −
∑
k
∫ ∞
−∞
dε
2pii
[
gµk+,M (ε+)vjg
ν
k−,M (ε−)
]<
tr[σiσµσν ],
= −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
σig
µ
k+,M
(ε+)σµvjg
ν
k−,M (ε−)σν
]<
,
= φsjij (q, ω,M). (A22)
Noting vj−k,i = v
j
k,i and χ
ss
ij (q, ω,M) =
∑
k ϕ
ss
ij (k, q, ω,M), we can easily check that∑
k
vkk,jϕ
ss
ki(k,−q, ω,−M) =
∑
k
vk−k,jϕ
ss
ki(−k,−q, ω,−M),
=
∑
k
vkk,jϕ
ss
ik(k, q, ω,M). (A23)
Thus, we obtain
χjsji (−q, ω,−M) = φjsji (−q, ω,−M) +
∑
k
vkk,jϕ
ss
ki(k,−q, ω,−M),
= φsjji (q, ω,M) +
∑
k
vkk,jϕ
ss
ik(k, q, ω,M),
= χsjij (q, ω,M). (A24)
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Finally, the current-current correlation function χjjij is given by
χjjij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
v˜k,iGk+,M (ε+)v˜k,jGk−,M (ε−)
]<
= φjjij (q, ω,M) +
∑
k
vkk,jϕ
js
ik(k, q, ω,M) +
∑
k
vkk,iϕ
sj
kj(k, q, ω,M) +
∑
k
vkk,iv
l
k,jϕ
ss
kl(k, q, ω,M),
(A25)
where
φjjij (q, ω,M) = −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
vk,iGk+,M (ε+)vk,jGk−,M (ε−)
]<
, (A26)
ϕjsij (k, q, ω,M) = −
∫ ∞
−∞
dε
2pii
tr
[
vk,iGk+,M (ε+)σjGk−,M (ε−)
]<
, (A27)
ϕsjij (k, q, ω,M) = −
∫ ∞
−∞
dε
2pii
tr
[
σiGk+,M (ε+)vk,jGk−,M (ε−)
]<
, (A28)
(A29)
For φjjji (−q, ω,−M), we obtain
φjjji (−q, ω,−M) = −
∑
k
∫ ∞
−∞
dε
2pii
[
vjg
µ
k+,M
(ε+)vig
ν
k−,M (ε−)
]<
tr[σ¯µσ¯ν ],
= −
∑
k
∫ ∞
−∞
dε
2pii
[
vig
µ
k+,M
(ε+)vjg
ν
k−,M (ε−)
]<
tr[σµσν ],
= −
∑
k
∫ ∞
−∞
dε
2pii
tr
[
vig
µ
k+,M
(ε+)σµvjg
ν
k−,M (ε−)σν
]<
,
= φjjij (q, ω,M), (A30)
and we can easily check that∑
k
vkk,iϕ
js
jk(k,−q, ω,−M) =
∑
k
vk−k,iϕ
js
jk(−k,−q, ω,−M),
=
∑
k
vkk,iϕ
sj
kj(k, q, ω,M). (A31)
Thus, we obtain
χjjji (−q, ω,−M) = φjjji (−q, ω,−M) +
∑
k
vkk,iϕ
js
jk(k,−q, ω,−M)
+
∑
k
vkk,jφ
sj
ki(k,−q, ω,−M) +
∑
k
vkk,jv
l
k,iϕ
ss
kl(k,−q, ω,−M),
= φjjij (q, ω,M) +
∑
k
vkk,iϕ
sj
kj(k, q, ω,M) +
∑
k
vkk,jϕ
js
ik(k, q, ω,M) +
∑
k
vkk,iv
l
k,jϕ
ss
lk (q, ω,M),
= χjjij (q, ω,M). (A32)
Appendix B: Calculation details
In this Appendix, we concretely calculate the correlation functions, χjjij , χ
js
ij , χ
sj
ij , and χ
ss
ij defined in Eqs. (A25),
(A14), (A15), and (A9). Following Langreth’s method93,94, one can calculate the lesser component of G(ε+)G(ε−) as
[G(ε+)G(ε−)]
<
= G<(ε+)G
A(ε−) +GR(ε+)G<(ε−),
= f(ε+)(G
A(ε+)−GR(ε+))GA(ε−) + f(ε−)GR(ε+)(GA(ε−)−GR(ε−)). (B1)
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Combining this with
GAk,M ()−GRk,M () = ipi
∑
s=±1
δ(− sk,M + F)(1 + sSˆk,M · σ), (B2)
and performing the ε-integral, we can write the correlation functions φjjij , φ
js
ij , φ
sj
ij , and χ
ss
ij in Eqs. (A26), (A19),
(A20), and (A9), as
φjjij (q, ω,M) = −
1
2
∑
k
∑
s,s′
vk,ivk,jA
s,s′(k+,k−,M)Ls,s′(k+,k−,M), (B3a)
φjsij (q, ω,M) = −
1
2
∑
k
∑
s,s′
vk,iB
s,s′
j (k+,k−,M)Ls,s
′
(k+,k−,M), (B3b)
φsjij (q, ω,M) = −
1
2
∑
k
∑
s,s′
Cs,s
′
i (k+,k−,M)vk,jLs,s
′
(k+,k−,M), (B3c)
χssij (q, ω,M) = −
1
2
∑
k
∑
s,s′
Ds,s
′
ij (k+,k−,M)Ls,s
′
(k+,k−,M), (B3d)
where
As,s
′
(k+,k−,M) = 1 + ss′Sˆk+,M · Sˆk−,M , (B4a)
Bs,s
′
(k+,k−,M) = sSˆk+,M + s′Sˆk−,M − iss′Sˆk+,M × Sˆk−,M , (B4b)
Cs,s
′
(k+,k−,M) = sSˆk+,M + s′Sˆk−,M + iss′Sˆk+,M × Sˆk−,M , (B4c)
Ds,s
′
ij (k+,k−,M) = δij − isεijk(Sˆk+,M )k + is′εijk(Sˆk−,M )k
+ ss′
{
(Sˆk+,M )i(Sˆk−,M )j + (Sˆk+,M )j(Sˆk−,M )i − δij(Sˆk+,M · Sˆk−,M )
}
, (B4d)
and
Ls,s′(k+,k−,M) =
fsk+,M − fs
′
k−,M
sk+,M − s
′
k−,M − ~ω − i0
, (B5)
is the Lindhard function.
In the following, we evaluate these in the case of the ferromagnetic Rashba conductor. Putting Sk,M = α×k−M
and expanding As,s
′
, Bs,s
′
, Cs,s
′
, Ds,s
′
ij , and Ls,s
′
(k+,k−,M) with respect to q and M , we calculate φ
jj
ij , φ
js
ij , φ
sj
ij ,
and χssij up to first order in q andM . Furthermore, in the k-integral, we here choose the cylindrical coordinate system
in k-space, where the cylindrical axis is taken in the direction of the Rashba field αˆ. Thus the sum of k is written as∑
k
(· · · )k = 1
8pi3
∫ 2pi
0
dϕ
∫ ∞
0
dk⊥k⊥
∫ ∞
−∞
dk‖(· · · )k, (B6)
where ϕ is the azimuth around the αˆ-axis and k⊥ = |k⊥| is the radial distance measured from the αˆ-axis. In this
cylindrical coordinate system, we can write γk = |k×α| = αk⊥ and the ϕ-integral around the αˆ-axis is calculated as
〈k⊥i k⊥j 〉 ≡
1
2pi
∫ 2pi
0
dϕ k⊥i k
⊥
j =
k2⊥
2
δ⊥ij , (B7a)
〈(γk)i(γk)j〉 = k
2
⊥
2
δ⊥ij , (B7b)
〈(k⊥)i(γk)j〉 = −k
2
⊥
2
εijkαˆk, (B7c)
〈k⊥i k⊥j k⊥k k⊥l 〉 =
k4⊥
8
(δ⊥ijδ
⊥
kl + δ
⊥
ikδ
⊥
jl + δ
⊥
il δ
⊥
jk), (B7d)
where δ⊥ij = δij−αˆiαˆj and εijk is the totally anti-symmetric tensor with εxyz = 1. After some complicated calculations,
we obtain
φjjij (q, ω,M) = I1 {(αˆ×M)i(q⊥)j + (q⊥)i(αˆ×M)j}
+
m⊥
m‖
I1
{
(αˆ×M)i(q‖)j + (q‖)i(αˆ×M)j
}
, (B8a)
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φjsij (q, ω,M) = −i
~
m⊥
∑
k
γksk
Hk
(q × αˆ)iαˆj
+
~
α
(
4I2 +
I1
4
− 3J1 + J2
)
(αˆ×M)i(q × αˆ)j
+
~
α
(
−3
4
I1 + J1 + J2
)
(q⊥)iM⊥j
+
~
α
(
−I1
4
− J1 − J2
)
(αˆ×M) · qεijkαˆk
+
~
α
4
(
m⊥
m‖
I2 − I3
)
(q‖)iM⊥j
+
~
α
(−I1 − 4I2 + 4J2) (q⊥)iM‖j
− 8 ~
α
I3(q‖)iM
‖
j (B8b)
φsjij (q, ω,M) = i
~
m⊥
∑
k
γksk
Hk
αˆi(q × αˆ)j
+
~
α
(
4I2 +
I1
4
− 3J1 + J2
)
(q × αˆ)i(αˆ×M)j
+
~
α
(
−3
4
I1 + J1 + J2
)
M⊥i (q⊥)j
+
~
α
(
I1
4
+ J1 + J2
)
(αˆ×M) · qεijkαˆk
+
~
α
4
(
m⊥
m‖
I2 − I3
)
M⊥i (q‖)j
+
~
α
(−I1 − 4I2 + 4J2)M‖i (q⊥)j
− 8 ~
α
I3M
‖
i (q‖)j (B8c)
χssij (q, ω,M) = 2
∑
k
γksk
Hk
(2δij − δ⊥ij)
+ i~ω
∑
k
εijk
[
sk
γkHk
(2Mk −M⊥k ) +
{
n′k
Hk
+
8γksk
H2k
}
M⊥k
]
+
~2
α2
(−2I2 + 2J1 + J4)
{
M⊥i (q × αˆ)j + (q × αˆ)iM⊥j
}
+
~2
α2
(2I2 − 2J1 − 3J4) (αˆ×M) · qδ⊥ij
+
~2
α2
(−4I2 − 2I4 + 2J1 + 2J3)
{
M
‖
i (q × αˆ)j + (q × αˆ)iM‖j
}
+
~2
α2
(−4J4)(αˆ×M) · qαˆiαˆj , (B8d)
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where
I1 =
1
~ω + i0
~2
2m2⊥α
∑
k
γks
′
k, (B9a)
I2 =
1
~ω + i0
α
8m⊥
∑
k
n′k, (B9b)
I3 =
1
~ω + i0
~2
8m2‖α
∑
k
γks
′
k
(
k‖
k⊥
)2
, (B9c)
I4 =
1
~ω + i0
α3
4~2
∑
k
s′k
γk
, (B9d)
J1 =
α~ω
8m⊥
∑
k
(
n′k
Hk
+ 8
γksk
H2k
)
, (B9e)
J2 =
α~ω
8m⊥
∑
k
sk
γkHk
, (B9f)
J3 =
α3ω
4~
∑
k
s′k
γkHk
, (B9g)
J4 =
α~ω
m⊥
∑
k
(
2γ2kn
′
k
H2k
+
γksk
H2k
+ 16
γ3ksk
H3k
)
, (B9h)
with
nk =
∑
s=±1
fsk, (B10a)
sk =
∑
s=±1
sfsk, (B10b)
n′k =
∑
s=±1
(fsk)
′, (B10c)
s′k =
∑
s=±1
s(fsk)
′, (B10d)
fsk = f(F − εk − sγk), f() ≡
1
1 + e/(kBT )
, (B10e)
(fsk)
′ =
d
dε
f(ε)
∣∣∣∣
F−εk−sγk
, (B10f)
Hk = (~ω + i0)2 − 4γ2k. (B10g)
The integrals Iµ (µ = 1, 2, 3, 4) stem from intraband transitions (s → s). On the other hand, the integrals Jµ (µ =
1, 2, 3, 4) stem from interband transition between the Rashba-split bands (s→ −s). Substituting these into Eqs. (A17),
(A18) and (A25), we obtain the correlation function χjjij , which is evaluated to the first order of q andM , along with
χjsij and χ
sj
ij , which are evaluated for q = 0 and to the first order of M , as
χjjij (q, ω,M) ' −
ne
m⊥
C(ω)δ⊥ij − i
ne
m⊥
1
F
D(ω)(αˆ ·M)εijkαˆk
+
ne
m⊥
1
k⊥F F
[
E0(ω)
{
(αˆ×M)i(q‖)j + (q‖)i(αˆ×M)j
}
+ E1(ω)(αˆ×M) · qδ⊥ij
+
E2(ω)
2
{(αˆ×M)i(q⊥)j + (q⊥)i(αˆ×M)j}
]
, (B11a)
χjsij (q, ω,M) '
~
α
ne
m⊥
C(ω)εijkαˆk + i
~
α
ne
m⊥
M
F
(Ni(ω)αˆj − αˆ ·N(ω)δij) , (B11b)
χsjij (q, ω,M) ' −
~
α
ne
m⊥
C(ω)εijkαˆk − i ~
α
ne
m⊥
M
F
(αˆiNj(ω)− αˆ ·N(ω)δij) , (B11c)
33
where
C(ω) = −4α˜
2
ne
F
∑
k
γksk
Hk
, (B12a)
D(ω) = −4α˜
2
ne
2F~ω
∑
k
sk
γkHk
, (B12b)
E0(ω) =
m⊥
ne
k⊥F F
m⊥
m‖
(
I1 + 4I2 − 4
m‖
m⊥
I3
)
=
1
2neα˜
F
~ω + i0
∑
k
[
γks
′
k
{
1− m⊥
m‖
(
k‖
k⊥
)2}
+
mα2
~2
n′k
]
, (B12c)
E1(ω) =
m⊥
ne
k⊥F F
(
I1
2
+ 2I2 − 2J2 − 3J4
)
=
1
4neα˜
F
~ω + i0
∑
k
(
γks
′
k +
m⊥α2
~2
n′k
)
+
α˜
2ne
2F~ω
∑
k
{
sk
γkHk
− 12
(
2γ2kn
′
k
H2k
+
γksk
H2k
+ 16
γ3ksk
H3k
)}
, (B12d)
E2(ω) = 2
m⊥
ne
k⊥F F
(
I1
2
+ 2I2 − 2J2 + J4
)
=
1
2neα˜
F
~ω + i0
∑
k
(
γks
′
k +
m⊥α2
~2
n′k
)
+
α˜
ne
2F~ω
∑
k
{
sk
γkHk
+ 4
(
2γ2kn
′
k
H2k
+
γksk
H2k
+ 16
γ3ksk
H3k
)}
, (B12e)
E3(ω) = −2α˜
ne
2F~ω
∑
k
(
n′k
Hk
+
sk
γkHk
+
8γksk
H2k
)
(B12f)
with
N(ω) = D(ω)Mˆ‖ + α˜E3(ω)Mˆ⊥, (B13)
Mˆ‖ = (αˆ · Mˆ)αˆ, (B14)
Mˆ⊥ = Mˆ − Mˆ‖. (B15)
Appendix C: k-integrals
In this section, we perform the k-integrals of Eqs. (B12a)–(B12f). Because of the rotational invariance around the
k‖-axis, we can write the sum of k as
∑
k
(· · · )k = 1
4pi2
∫ ∞
0
dk⊥k⊥
∫ ∞
−∞
dk‖(· · · )k. (C1)
At zero temperature, we can set −(fsk)′ as
−(fsk)′ = δ(εF − sk),
=
√
m⊥m‖
~2
δ(k‖ − κs) + δ(k‖ + κs)√
(ks − k⊥)(k−s + k⊥)
θ(ks − k⊥), (C2)
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where δ(x) and θ(x) are the delta and step functions, respectively, and
κs =
√
m‖
m⊥
√
(ks − k⊥)(k−s + k⊥), (C3)
ks = kF,⊥k˜s, (C4)
k˜s = −sα˜+
√
1 + α˜2. (C5)
Note that k˜sk˜−s = 1 and k˜s − k˜−s = −2sα˜. We first calculate the electron density ne =
∑
s=±1
∑
k f
s
k. Performing
integration by parts and using Eq. (C2), we have
ne =
(k⊥F )
2k
‖
F
2pi2
∑
s=±1
∫ k˜s
0
dk˜⊥k˜⊥
√
(k˜s − k˜⊥)(k˜−s + k˜⊥), (C6)
where k˜⊥ = k⊥/k⊥F . Performing the k˜⊥-integral and taking the sum of s, we have
ne = n
(0)
e (1 + ∆α˜), (C7)
where n(0)e =
(k⊥F )
2k
‖
F
3pi2
is the electron density in the absence of the RSOI and
∆α =
3
2
α˜2
(
1 +
1 + α˜2
α˜
tan−1 α˜
)
(C8)
is the correction to the electron density.
For I1 in Eq. (B9a), the k‖ integration of I1 is calculated as
I1 = − 1
4pi2
k⊥F k
‖
F
~ω + i0
∑
s
s
∫ k˜s
0
dk˜⊥
(k˜⊥)2√
(k˜s − k˜⊥)(k˜−s + k˜⊥)
, (C9)
where k˜⊥ = k⊥/k⊥F . Performing the k˜⊥-integral and taking the sum of s, we have
I1 =
1
4pi2m⊥
k⊥F k
‖
F
~ω + i0
(
3α˜+ (1 + 3α˜2) tan−1 α˜
)
. (C10)
The k-integrations of I2 and I3 are calculated using the same procedure. The results are given by
I2 = − 1
8pi2m⊥
k⊥F k
‖
F
~ω + i0
(α˜+ α˜2 tan−1 α˜), (C11)
I3 =
1
8pi2m‖
k⊥F k
‖
F
~ω + i0
(
α˜+ (1 + α˜2) tan−1 α˜
)
. (C12)
As
I1 = −4I2 + 4
m‖
m⊥
I3, (C13)
the value of E0 in Eq. (B12c) vanishes.
For the k-integration of C(ω), D(ω), and Eµ(ω)(µ = 1, 2, 3), we first calculate the following integrations as
S ≡ −8pi2α3
√
m⊥
m‖
∑
k
sk
γkHk
, (C14)
N ≡ −8pi2α3
√
m⊥
m‖
∑
k
n′k
Hk
. (C15)
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Using these expressions, we can write Eqs.(B12a)–(B12f) as
C(ω) = C(0) +
3
4
α˜−1
1 + ∆α˜
(
~ω
4F
)2
S, (C16a)
D(ω) =
3
4
α˜−1
1 + ∆α˜
~ω
4F
S, (C16b)
E1(ω) =
α˜−1
16ne
4F
~ω + i0
∑
k
(
γks
′
k +
mα2
~2
n′k
)
+
3
8
α˜−2
1 + ∆α˜
~ω
4F
(
2S − 3
2
N +
9
4
ω
∂S
∂ω
− 3
4
ω
∂N
∂ω
+
3
8
ω2
∂2S
∂ω2
)
, (C16c)
E2(ω) =
α˜−1
8ne
4F
~ω + i0
∑
k
(
γks
′
k +
mα2
~2
n′k
)
+
3
4
α˜−2
1 + ∆α˜
~ω
4F
(
−S + 1
2
N − 3
4
ω
∂S
∂ω
+
1
4
ω
∂N
∂ω
− 1
8
ω2
∂2S
∂ω2
)
, (C16d)
E3(ω) =
3
8
α˜−2
1 + ∆α˜
~ω
4F
(
−S +N − ω∂S
∂ω
)
, (C16e)
where
C(0) =
α˜2
ne
F
∑
k
sk
γk
= −1
2
∆α˜
1 + ∆α˜
. (C17)
Let us calculate the S of Eq. (C14) and the N of Eq. (C15). These terms are expressed as
S = −2α2 ~
2
m‖
√
m⊥
m‖
∑
s
s
∫ ∞
0
dk⊥
∫ ∞
−∞
dk‖(k‖)2
δ(k + sαk⊥ − F)
(~ω + i0)2 − 4α2(k⊥)2 , (C18)
N = 2α3
√
m⊥
m‖
∑
s
∫ ∞
0
dk⊥k⊥
∫ ∞
−∞
dk‖
δ(k + sαk⊥ − F)
(~ω + i0)2 − 4α2(k⊥)2 . (C19)
Substituting Eq. (C2) into Eqs. (C18) and (C19) and obtaining the k‖-integrals, we have
S = −
∑
s
s
∫ k˜s
0
dk˜⊥
√
(k˜s − k˜⊥)(k˜−s + k˜⊥)
(ν + i0)2 − (k˜⊥)2
, (C20)
N = α˜
∑
s
∫ k˜s
0
dk˜⊥
k˜⊥
(ν + i0)2 − (k˜⊥)2
1√
(k˜s − k˜⊥)(k˜−s + k˜⊥)
, (C21)
where ν =
~ω
2αkF
. Using
1
ν + i0
= P 1
ν
−ipiδ(ν), where P denotes the Cauchy principal value and changing the variable
x =
√
k˜s − k˜⊥
k˜−s + k˜⊥
, the real parts of S and N are given by
ReS = −2
∑
s
s
∫ √k˜s/k˜−s
0
dx
 11 + x2 − ν − k˜s2ν 1
x2 +
ν − k˜s
ν + k˜−s
− ν + k˜s
2ν
1
x2 +
ν + k˜s
ν − k˜−s
 , (C22)
ReN = α˜
∑
s
∫ √k˜s/k˜−s
0
dx
 ν − k˜sν + k˜−s 1
x2 +
ν − k˜s
ν + k˜−s
− ν + k˜s
ν − k˜−s
1
x2 +
ν + k˜s
ν − k˜−s
 . (C23)
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Noting that
ν ∓ k˜s
ν
=
ω ∓ ω−s
ω
, (C24)
ν ∓ k˜s
ν ± k˜−s
=
(ω ∓ ω−s)2
ω2 ± 2sα˜2ω − α˜2 , (C25)
with ω = α˜ν = ~ω/(4F) being a dimensionless angular frequency normalized by the Fermi energy and ωs =
α˜(
√
1 + α˜2 + sα˜) being frequencies at the transition edges. Performing the x-integral, we finally obtain
ReS =
1
ω
∑
s
(s− ω)L(Qs) + 2 tan−1 α˜, (C26)
ReN = α˜2
∑
s
s
s− ωR(Qs), (C27)
where
Qs =
ω2 + 2sα˜2ω − α˜2
(s− ω)2 , (C28)
L(x) =

√
x tan−1
(
α˜√
x
)
, x > 0
1
2
√−x ln
∣∣∣∣√−x+ α˜√−x− α˜
∣∣∣∣ , x < 0
(C29)
R(x) =

1√
x
tan−1
(
α˜√
x
)
, x > 0
−1
2
1√−x ln
∣∣∣∣√−x+ α˜√−x− α˜
∣∣∣∣ . x < 0
(C30)
For the imaginary parts of S and N , we can easily obtain the k⊥-integral due to the delta function δ(ν − k˜⊥). The
results are given by
ImS =
pi
2
1
ω
∑
s
sSs(ω¯), (C31)
ImN = −pi
2
α˜2
∑
s
Ts(ω¯), (C32)
where
Ss(ω) = θ(ω−s − ω)
√
α˜2 − 2sα˜2ω − ω2, (C33)
Ts(ω) = θ(ω−s − ω) 1√
α˜2 − 2sα˜2ω − ω2
. (C34)
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From these results, we obtain
ω
∂
∂ω
ReS = α˜2
∑
s
s
ω
R(Qs), (C35a)
ω2
∂2
∂ω2
ReS = −2α˜2
∑
s
s
ω
R(Qs)− α˜2(1 + α˜2)
∑
s
ω
(s− ω)(ω2 + 2sα˜2ω − α˜2)R(Qs)
− α˜3
∑
s
s− ω
ω(ω2 + 2sα˜2ω − α˜2) , (C35b)
ω
∂
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∑
s
ω2
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∑
s
1
ω2 + 2sα˜2ω − α˜2 , (C35c)
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∂
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ImS = −ImS + ImN − pi
2
∑
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sωTs, (C35d)
ω2
∂2
∂ω2
ImS = 2ImS − 2ImN + pi
2
∑
s
sωTs − pi
2
∑
s
sω(ω + sα˜2)2T 3s , (C35e)
ω
∂
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ImN = −pi
2
α˜2
∑
s
ω(ω + sα˜2)T 3s . (C35f)
Substituting these results into Eqs.(B12a) and (B12f), we obtain
ReC(ω¯) =
3
4
α˜−1
1 + ∆α˜
[
ω
∑
s=±1
(s− ω)L(Qs) + 2ω2 tan−1 α˜
]
− 1
2
∆α˜
1 + ∆α˜
, (C36a)
ImC(ω¯) =
3pi
8
α˜−1
1 + ∆α˜
ω
∑
s
sSs(ω¯), (C36b)
ReD(ω¯) =
3
4
α˜−1
1 + ∆α˜
[∑
s=±1
(s− ω)L(Qs) + 2ω tan−1 α˜
]
, (C36c)
ImD(ω¯) =
3pi
8
α˜−1
1 + ∆α˜
∑
s
sSs(ω¯), (C36d)
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FIG. 18: Real and imaginary parts of C(ω), D(ω), E1(ω), E2(ω), and E3(ω) as functions of ω˜ for α˜ = 0.67 and finite η˜ = 0.01.
For C(ω) and D(ω), cusps exist at the interband transition edges ω˜± = ω±/ω‖p (ω˜− ' 0.8 and ω˜+ ' 2.8). For E1(ω), E2(ω),
and E3(ω), singularities exist at the interband transition edges ω˜±. The shaded region represents the hyperbolic frequency
region (see Sec. VI-B).
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Note that Eµ(ω) diverges towards the transition edges ω¯± and at ω = 0 (Fig. 5). The former originates from the
expansion of the correlation functions of Eq. (B11) with respect to q and M , which can be related to the derivative
of S(ω) and N(ω) for ω. The latter divergence comes from the delta-function singularity. Both divergences can be
avoided by replacing the positive infinitesimal 0 with the finite η˜ = η/(~ω‖p) in Eqs. (C18) and (C19). We have also
performed these calculations, and the results are shown in Fig. 18. For Eµ(ω)(µ = 1, 2, 3), we see that the sharp peaks
disappear at ω− because of the term cancellation.
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Appendix D: Calculation of Poynting vector, angle of refraction, and transmittance
1. Calculation of Poynting vector S in Eq. (134)
In general, the time-averaged Poynting vector is given by13
S(r) =
ε0c
2
2
Re(Eeiq·r ×B∗e−iq∗·r). (D1)
For an extraordinary wave propagating in the x-z plane, the wave vector and the amplitude of the electric field are
q = qxex + qzez and E = Exex + Ezez, respectively. Using these equations and Faraday’s law, B = q × E/ω,
equation (D1) is solved as
S =
ε0c
2
2ω
Re
{
(|Ez|2q∗x − E∗xEzq∗z)ex + (|Ex|2q∗z − ExE∗q,3q∗x)ez
}
e−2iImq·r. (D2)
Substituting the dispersion relation for the extraordinary wave, q2x/εz + q2z/εx = ω2/c2, given in Eq. (131) into the
wave equation in Eq. (42), we have
εxqxEx + εzqzEz = 0, (D3)
Using this and Eq. (131), we obtain
S(r) =
ωε0
2
{
Re
(
εz
qx
)
|Ez|2ex + Re
(
εx
qz
)
|Ex|2ez
}
e−2iImq·r. (D4)
2. Calculations of θ⊥S and θ
‖
S in Eqs. (136) and (142)
From Fig. 9(a) and Eq. (D4), the angle of refraction of the Poynting vector is given by
tan θ⊥S =
S(0) · ez
S(0) · ex =
Re
(
εx
qz
)
|Ex|2
Re
(
εz
qx
)
|Ez|2
. (D5)
From Eq. (D3), we have
|Ex|2
|Ez|2 =
|εzqz|2
|εxqx|2 . (D6)
Substituting this into Eq. (D5), we obtain
tan θ
‖
S =
Re
(
qz
εx
)
Re
(
qz
εx
) = Re(1/εx)
Re(qx/εz)
ω
c
sin θi, (D7)
where we have used qz = (ω/c) sin θi (Fig. 9(b)).
For θ‖S , we can put qx = (ω/c) sin θi from Fig. 9(b); thus, we obtain
tan θ
‖
S =
S(0) · ex
S(0) · ez =
Re
(
qx
εz
)
Re
(
qx
εz
) = Re(1/εz)
Re(qz/εx)
ω
c
sin θi, (D8)
where we have used qx = (ω/c) sin θi (Fig. 9(b)).
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(a)
FIG. 19: Schematic illustration of reflection and refraction of electromagnetic waves obliquely incident from vacuum on semi-
infinite Rashba conductor. The polarization of the electric waves is parallel to the plane of incidence (x-z plane). The Rashba
field α direction is (a) parallel and (b) perpendicular to the the vacuum-Rashba interface. The orientations of the magnetic
field vectors are chosen in the positive y-direction.
3. Calculations of T⊥ and T‖ in Eqs. (138) and (144)
In the case of Fig. 19(a), the Poynting vector of the incident plane wave in vacuum, Si, is given by
Si =
ε0c
2
2
|Ei|2(cos θiex + sin θiez), (D9)
where Ei is the amplitude of the incident-wave electric field. From this and Eqs. (D4), we have
T⊥ ≡ S(0) · ex
Si · ex =
ω
c
Re (εz/qx)
cos θi
|Ez|2
|Ei|2 . (D10)
To calculate |Ez|2/|Ei|2, we consider the continuity conditions for the tangential components of the electromagnetic
field at the interface84 (Fig. 19(a)):
(Ei +Er) · ez = E · ez, (D11)
(Bi +Br) · ey = B · ey, (D12)
where Ei(r) and Bi(r) = qi(r)×Ei(r)/ω are the electric and magnetic fields of the incident (reflected) wave, respectively.
Here, qi(r) (|qi(r)| = ω/c) is the wave vector of the incident (reflected) wave. From Fig. 19(a), we have
− (Ei − Er) cos θi = Ez, (D13)
Ei + Er =
c
ω
(qzEx − qxEz), (D14)
By eliminating Er and using Eqs. (D3) and (131), we have
Ez
Ei
= − 2 cos θi
1 +
ω
c
εz
qx
cos θi
. (D15)
Thus, we obtain
T⊥ =
4
ω
c
Re
(
εz
qx
)
cos θi∣∣∣∣1 + ωc εzqx cos θi
∣∣∣∣2
. (D16)
In the case of Fig. 19(b), the Poynting vector of the incident plane wave in vacuum, Si, is given by
Si =
ε0c
2
2
|Ei|2(sin θiex + cos θiez). (D17)
From this and Eqs. (D4), we have
T‖ ≡ S(0) · ez
Si · ez =
ω
c
Re (εx/qz)
cos θi
|Ex|2
|Ei|2 . (D18)
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FIG. 20: Schematic illustration of reflection and refraction of electromagnetic waves normally incident from vacuum on Rashba
conductor slab with thickness d.
To calculate |Ex|2/|Ei|2, we consider the following continuity conditions (Fig. 19(b)):
(Ei +Er) · ex = E · ex, (D19)
(Bi +Br) · ey = B · ey, (D20)
which are expressed as
(Ei − Er) cos θi = Ex, (D21)
Ei + Er =
c
ω
(qzEx − qxEz). (D22)
By eliminating Er and using Eqs. (D3) and (131), we have
Ex
Ei
=
2 cos θi
1 +
ω
c
εx
qx
cos θi
(D23)
Substituting this into Eq. (D18), we obtain
T‖ =
4
ω
c
Re
(
εx
qz
)
cos θi∣∣∣∣1 + ωc εxqz cos θi
∣∣∣∣2
. (D24)
4. Calculation of transmittance, reflectance, and absorbance in a Rashba conductor slab
Let us consider propagation of an electromagnetic wave through a Rashba conductor slab with thickness d and
evaluate the transmittance TL,R, reflectance RL,R, and absorbance AL,R for the left- and right-handed circularly
polarized waves. We assume that the wave propagates in the z-direction and is normally incident on the Rashba
conductor interface at z = 0. We separate the wave propagation region into three parts: I, II and III. Regions I
and III are vacuums for which the wave vector is denoted q0 = ω/c and region II covers the Rashba conductor, the
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wave vector of which is qR,L = ω
√
ε±/c in Eq. (154) for the left- and the right-handed circularly polarized waves,
respectively. In regions I and III, the electric waves with frequency ω can be expressed as
EI =
(
Eix
Eiy
)
ei(q0z−ωt) +
(
Erx
Ery
)
e−i(q0z+ωt), (D25)
EIII =
(
Etx
Ety
)
ei(q0z−ωt), (D26)
where the subscripts i, r, and t on Ex,y denote the incident, reflected, and transmitted components of the electric
field in the vacuum, respectively, and we have used the following representation:(
A
B
)
= Aex +Bey. (D27)
For region II, we assume that the electric wave consists of the transmitted and reflected left- and right-handed
circularly polarized waves, the components of which are denoted by Et(r)L(R), respectively. Thus, in regions II, we can
write the electric waves, EII, as
EII =
(
EtL
iEtL
)
ei(qLz−ωt) +
(
EtR
−iEtR
)
ei(qRz−ωt) +
(
ErL
iErL
)
e−i(qLz+ωt) +
(
ErR
−iErR
)
e−i(qRz+ωt). (D28)
From Faraday’s law, the corresponding magnetic fields are given by
ωBIe
iωt = q0
(
−Eiy
Eix
)
eiq0z − q0
(
−Ery
Erx
)
e−iq0z, (D29)
ωBIIe
iωt = qL
(
−iEtL
EtL
)
eiqLz + qR
(
iEtR
EtR
)
eiqRz − qL
(
−iErL
ErL
)
e−iqLz − qR
(
iErR
ErR
)
e−iqRz, (D30)
ωBIIIe
iωt = q0
(
−Ety
Etx
)
eiq0z, (D31)
At z = 0, the continuity condition gives
Eix + E
r
x = E
t
L + E
t
R + E
r
L + E
r
R, (D32a)
Eiy + E
r
y = iE
t
L − iEtR + iErL − iErR, (D32b)
Eix − Erx = δLEtL + δREtR − δLErL − δRErR, (D32c)
Eiy − Ery = iδLEtL − iδREtRiδLErL + iδRErR, (D32d)
where δL,R = qL,R/q0. These equations are expressed in matrix form as
Ei+
Ei−
Er+
Er−
 =

0 1 + δR 0 1− δR
1 + δL 0 1− δL 0
0 1− δR 0 1 + δR
1− δL 0 1 + δL 0


EtL
EtR
ErL
ErR
 , (D33)
where Ei,r± = Ei,rx ± iEi,ry is a component representing the left- (−) and right-handed (+) circularly polarized incident
and reflected waves, respectively. On the other hand, at z = d, the continuity condition gives
EtLe
iqLd + EtRe
iqRd + ErLe
−iqLd + ErRe
−iqRd = Etxe
iq0d, (D34a)
iEtLe
iqLd − iEtReiqRdiErLe−iqLd − iErRe−iqRd = Etyeiq0d, (D34b)
− iδLEtLeiqLd + iδREtReiqRd + iδLErLe−iqLd − iqRErRe−iqRd = −Etyeiq0d, (D34c)
δLE
t
Le
iqLd + qRE
t
Re
iqRd − qLErLe−iqLd − qRErRe−iqRd = Etxeiq0d. (D34d)
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After some algebra, we have
EtL
EtR
ErL
ErR
 = eiq0d4

0 (1 + δ−1L )e
−iqLd 0 0
(1 + δ−1R )e
−iqRd 0 0 0
0 (1− δ−1L )eiqLd 0 0
(1− δ−1R )eiqRd 0 0 0


Et+
Et−
0
0
 , (D35)
where Et± = Etx ± iEty is the component representing the left- (−) and the right-handed (+) circularly polarized
transmitted waves, respectively. Substituting Eq. (D35) into Eq. (D33), we have
Ei+
Ei−
Er+
Er−
 =

T −1R 0 0 0
0 T −1L 0 0
RRT −1R 0 0 0
0 RLT −1L 0 0


Et+
Et−
0
0
 , (D36)
where
TL,R = (1− χL,R)e
i(qL,R−q0)d
1− χ2L,Re2iqL,Rd
, (D37)
RL,R = χL,R(1− e
2iqL,Rd)
1− χ2L,Re2iqL,Rd
(D38)
with
χR,L =
1− δL,R
1 + δL,R
=
1−√εL,R
1 +
√
εL,R
. (D39)
Thus, the transmittance, TL,R, and reflectance, RL,R, are respectively given by
TL,R =
∣∣∣∣Et∓Ei∓
∣∣∣∣2 = |TL,R|2, (D40)
RL,R =
∣∣∣∣Er∓Ei∓
∣∣∣∣2 = |RL,R|2, (D41)
(D42)
Therefore, we obtain the absorbance, AL,R, as
AL,R = 1− TL,R −RL,R. (D43)
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